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APPLICATION OF AN IMPROVED REMAINDER TERM IN  

THE CALCULATION OF RESIDUE CLASS DISTRIBUTIONS  

COLIN MYERSCOUGH 

ABSTRACT.  All methods for calculation of the distribution of primes in residue classes depend on the 

combination of some initial terms depending on zeta or L-function zeros with an approximation to the 

remainder. This paper uses concepts introduced by Fiorilli and Martin  to develop a more accurate 

remainder. Using it , 2ÕÂÉÎÓÔÅÉÎ ÁÎÄ 3ÁÒÎÁËȭÓ ÍÅÔÈÏÄ estimates the limiting logarithmic frequency of 

“ὼ ,Éὼ as ςȢφσππρπ with only 5 zeta zeros used explicitly, and a reliable value between 

ςȢφςωωφχσςρπ and ςȢφςωωφχσσρπ is obtained with fewer than 100 zeros. Accurate results for 

ȰÐÒÉÍÅ ÎÕÍÂÅÒ ÒÁÃÅÓȱ ÃÁÎ ÕÓÕÁÌÌÙ ÂÅ ÏÂÔÁÉÎÅÄ ×ÉÔÈ ÏÎÌy the first zero of each L-function involved, thus 

bringing out their dependence on those zeros. For extreme deviations, ,ÁÐÌÁÃÅȭÓ ÍÅÔÈÏÄ can be applied, 

and the remainder approximated by an explicit formula together with a rapidly convergent series. This 

gives, for example, ψȢφτωρπ  for the logarithmic frequency of “ὼ ,Éὼ υ,ÉЍὼ. A 

development of the Monach - Lamzouri model of the extreme distribution agrees with these results to 

within a factor of 10. The remainder can also be calculated explicitly as an asymptotic series. This allows 

good modelling of non-extreme races and also the calculation of distributions by direct convolution.  The 

three different  methods agree to within 0.001% where they overlap in application. The distribution 

calculated from values of “ὼ for ὼ ρπshows similar behaviour to the limiting distribution, but is 

somewhat further from normal.   

 

1. INTRODUCTION 

Definitions. Assuming the Riemann Hypothesis, the fluctuations in the normalised prime count 

function:  

ρȢρ         Ὀὼ  “ὼ
‘ά,Éὼϳ

ά

ÌÏÇὼ

Ѝὼ
                                     

m being the Mobius function and Li the logarithmic integral, are given by 

ρȢς         Ὀᾀ ς ὶÓÉÎόᾀ — /Ὡ ϳ                       

Here ᾀ ÌÏÇὼ ȟ  ό is the positive imaginary part of the ὲ th zero of the zeta function, and 

ρȢσ         ὶ
ρ

ρτ όϳ
  ḙ
ρ

ό
 ÓÉÎÃÅ ό ρτȢρσȢȢȟό ςρȢπςȢȢÅÔÃȢȠ  ÃÏÔ— ςό            

Litt lewood [LI] established that Ὀ eventually exceeds any value ὺ.  Rubinstein and Sarnak [RS] 

showed that for large ᾀ  Ὀᾀ may be considered as a random variable, with probability density   

ὖὺ , and likelihood Ὁὺ  ᷿ ὖὺ Ὠὺᴂ of exceeding ὺ. That is,   

ρȢτ         Ὁὺ  ÌÉÍ
ᴼ

ρ

ὤ
Ὠᾀȡὤ ᾀ ὤ ὤ ÁÎÄ Ὀᾀ ὺȟ ὖὺ

ὨὉὺ

Ὠὺ
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exist, and are independent of ὤ . They made the first published calculation of Ὁρ, the 

logarithmic density of ὼ such that “ὼ ,Éὼ , at between ςȢφ ρπ and  ςȢχ ρπ . 

Assume that no rational linear combination of the ό is zero ɀ ÔÈÅ Ȱ,ÉÎÅÁÒ )ÎÄÅÐÅÎÄÅÎÃÅ 

(ÙÐÏÔÈÅÓÉÓȱ (LIH) .  Then ὖὺ is the  density of 

ρȢυ         Ὀ Ὠ                      

where the Ὠ are independent random variables having the distributions of the values taken by 

sine curves of amplitudes ς ὶ. The density Ὢ ὺ  of Ὠ is ȰÃÕÐ ÓÈÁÐÅÄȱȡ 

ρȢφ         Ὢ ὺ
ρ

“ τὶ ὺ
       ȿὺȿ ςὶ ȟ π ȿὺȿ ςὶ           

Ὀ is symmetric about ὺ = 0, and its variance is   

ρȢχ         „ ς ὶ                                         

For the prime count distrib ution, „ ς  ‎ ÌÏÇτ“ḙπȢπτφρωρτρψ (g ÂÅÉÎÇ %ÕÌÅÒȭÓ 

constant), so that its standard deviation ʎ  is about 0.2149.  

!ÓÓÕÍÉÎÇ ÔÈÅ Ȱ'ÅÎÅÒÁÌÉÓÅÄ 2ÉÅÍÁÎÎ (ÙÐÏÔÈÅÓÉÓȱ ÁÎÄ ÔÈÅ ÁÐÐÒÏÐÒÉÁÔÅ ,)(ȟ ÔÈÅ ÒÅÓÕÌÔÓ ÏÆ ȰÐÒÉÍÅ 

ÎÕÍÂÅÒ ÒÁÃÅÓȱ ÂÅÔ×een square and non-square residues with  modulo ή an odd prime or equal 

to 4, are given by Ὁρ, where Ὀ is determined by (1.5) with ὶ the zeros of the appropriate 

Dirichlet L-function.  For wider categories of inter-residue race, results are given by Ὁρ,  or in 

some cases Ὁς  for  ὰ ρ, where Ὀ is determined by 

ρȢψ         Ὀ   ὥὨ ȟ                              

The Ȱ×ÅÉÇÈÔÓȱ ὥ  relate to Dirichlet characters. ήᴂ ή ς, ὥ ρ , otherwise  π ὥ ρ. The 

Ὠ ȟ relate as above to zeros of the corresponding L functions, the Ὠ ȟ  being the Ὠ in (1.5) for 

the square/non-square race. Feuerverger and Martin [FEM] set the theory of this out in detail. 

The main discussion of this paper is of the single series (1.5), but Appendix A summarises how 

it can be generalised to (1.8), and some results from this are presented. 

The remainder term. All calculations of  ὖὺ and Ὁὺ depend on combining the exact effect of 

ὔ initial terms of  (1.5) or (1.8) with an approximation for the effect of the remainder ɀ that is 

ρȢω         Ὀ ὄ Ὀ ×ÈÅÒÅ        ὄ Ὠ ȟ    Ὀ   Ὠ  Ȣ      

The density Ὂ ὺ of ὄ  is given by repeated convolution:   

ρȢρπ      Ὂ ὺ Ὂ ὺ ὺ Ὢ ὺ Ὠὺ                 

with Ὢ as in (1.6), and Ὂ Ὢ. Then  
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ρȢρρ      ὖὺ   Ὂ ὺ Ὃ

ɫ

ɫ

ὺ ὺ Ὠὺ          

where  

ρȢρς     ɫ ς ὶ              

ÉÓ ÔÈÅ ȰÓÐÒÅÁÄȱ ÏÆ ὄ  , and Ὃ ὺ is the density of Ὀ Ȣ 

Purpose of this paper. This is to obtain much more accurate expressions for Ὃ  than have 

generally been employed in previous work, by methods which build on the approach of Fiorilli 

and Martin  [FIM]. These  can be applied to much speed computations of ὖὺ and Ὁὺ: 

¶ For ὺ up to 1 or somewhat larger, using Fourier transforms ɀ the method of Rubinstein 

and Sarnak [RS]. Accurate values of ὖ and Ὁ are obtained with ὔ υ, rather than 

needing a much larger ὔ as is the case with a less accurate Ὃ . With ὔ ρππ , results 

can be calculated to within the accuracy of computation, here about ρπ  (Section 2); 

¶ For larger values of ὺ from 1 up to 10 or more, using Laplace transforms to give at least 

4 figure accuracy ɀ for example, a calculation with ὔ ρφπππ  gives ὉρρḙψȢφτω

ρπ  for the prime count distribution.  These calculations support a development of 

the modelling methods of Monach [MO] and Lamzouri [LA] to give higher accuracy. 

(Section 3 and Appendices C to F); and 

¶ For the whole range of ὺ up to about 5, by numerical convolution of the Ὢ with an 

explicit expression for Ὃ ὺȢ This involves more computation than using transforms, 

but delivers the whole distribution in one calculation, and provides alternative 

derivations of some results on prime number races. (Section 4 and Appendix G). 

FIGURE 1. PRIME COUNT DENSITY 

 

The near normal distribution. For the prime count function distribution,  Figure 1 compares 

with normal a histogram of Ὀᾀ (in steps of 0.05) for some 35,000 values of ᾀ spaced at 

interval 0.001 between 11.513 and 46.051 (ὼ ρπ ÔÏ ρπ: values obtained by interpolation 
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from the tables of Kulsha [K].) In the range ȿὺȿ πȢψ for which calculated values of Ὀ are 

meaningful, their density is slightly lower than normal in the centre, slightly higher at 1 - 2 

standard deviations, and lower further out.  2ÕÂÉÎÓÔÅÉÎ ÁÎÄ 3ÁÒÎÁËȭÓ ÃÁÌÃÕÌÁÔÉÏÎ indicates that 

beyond this range the density continues lower than normal. (A normal distribution would give 

ὉρḙρȢφτρπ). The difference from normal arises because the Ὠ extend over different 

ranges  ς ὶ , as well as because the Ὢ ὺ are far from normal. The proportionate variation of 

ὶ with ὲ diminishes as ὲ increases.  Thus  Ὃ  should tend to normal form as ὔ increases. The 

same applies when ή ρ, though then ὖὺ can be further from normal.  

Quantification of deviation from normal. Consider the even moments of  Ὀ   

ρȢρσ      ὓ  ÌÉÍ
ᴼ

ς

ὤ
ὶÓÉÎ όᾀ — Ὠᾀ Ȣ              

By LIH, only products containing even numbers of sines of identical ό will contribute to ὓ . In 

Appendix D ὓ  is shown to exist and to be independent of ὤᴂ (though note convergence is not 

uniform in ὯȢ Set  

ρȢρτ      Ὑ ὶȠ ὧ
Ὑ

Ὑ
                                 

and also ὓ  ςὯȦὙ ὯȦϳ  , which from (C.1) is the ςὯth moment of a normal distribution 

having the same variance ςὙ as Ὀ  . (Here, and throughout this paper, the dependence on ὔ of 

Ὑ , ὧ and quantities derived from them is implicit, to reduce notational complexity.) Then 

ρȢρυ     
ὓ

ὓ
ρ  
ὧ

ς
 Ƞ 
ὓ

ὓ
ρ  
σὧ

ς

ςὧ

σ
Ƞ 
ὓ

ὓ
ρ σὧ  

σὧ

τ

ψὧ

σ

ρρὧ

ψ
     

(see [LE] for further discussion); and it is shown in Appendix D that 

ρȢρφ     
ὓ

ὓ
ρ  
ὯὯ ρ

τ
ὧ ÐÏ×ÅÒÓ ÁÎÄ ÐÒÏÄÕÃÔÓ ÏÆ  ὧ          

Thus the ratios ὧ reflect the difference of Ὃ  from normal form.  

For large ὔ  the density of zeta or L-function zeros with magnitude of imaginary part near Ὗ is 

approximately ÌÏÇήᶻὟς“ϳ ς“ϳ , where the positive integer ήᶻ ή can depend on the function;  

ήᶻ ή when ή is an odd prime or equal to 4. In Appendix B this is used to give approximations 

for Ὑ , ὧ , and ɫ. Setting: 

ρȢρχ      ό
ό ό

ς
Ƞ   ώ ÌÏÇ

ήᶻό

ς“
Ƞ   Ὤ

ώ ρ ςὯ ρϳ

 ώ ρ
 ȟ             

(so that ς“ὔόώOϳ ρ ÁÓ ὔᴼЊ), then for Ὧ ς: 

ρȢρψ      Ὑ ḙ
ώ ρ

ς“ό
Ƞ       ὧḙ 

ς“ώ ρσϳ

σόώ ρ
Ƞ         

ὧ

ὧ
ḙ 

Ὤ

ςὯ ρ

σώ ρ

ώ ρσϳ
     

The proportionate errors in these estimates of ratios ὧ ὧϳ  decrease faster than ρὔȟϳ  (and 

faster than the proportionate error in defining ὧ by (1.18): approximations ὧͯ  are 
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not particularly accurate) and increase with Ὧ no faster than Ὧ. Thus moment ratios ὓ ὓϳ  

approach unity with increasing ὔ (though not uniformly in Ὧ). This suggests that Ὃ ὺ 

expressed as a function of ὸ ὺ ςὙϳ  tends to normal form 
Ѝ
Ὡ ϳ  as ὔ increases (though 

the approach will not be uniform in ὸ, since larger ὸ influence higher moment ratios). Its 

deviation from normal is principally determined by ὧȢ  This is confirmed in Section 4. 

Also for large N 

ρȢρω     ɫ
ÌÏÇό

“

ÌÏÇό

ς
ÌÏÇ

ήᶻ

ς“
ɫ ὕ

ÌÏÇό

ό
           

where the constant ɫ depends largely on the exact values of the initial zeros, particularly ό: 

ɫ ḙ 0.50309 for the prime count distribution and -0.0836, -0.1224, and -0.2103 respectively 

for square/non-square races with ή τȟχ ÁÎÄ ρσȢ 

Table 1 shows some of these quantities, and also of others defined later, for the prime count 

distribution at values of ὔ used in this paper. Appendix B describes how these were calculated.  

TABLE 1. PARAMETERS FOR CALCULATIONS OF PRIME COUNT DENSITY 

ὔ ɫ ώ ςὙ ὧ 

rms error in (1.18) % 
(see Appendix B) ɬ 

(see(2.8)) 
ὧ ὧϳ  ὧ ὧϳ  

0 0.000 
 

0.214922 0.069553 
   

5 0.443 1.657 0.156432 0.016210 -1.4266 -3.6309 6.67 

10 0.673 2.070 0.138279 0.010223 -0.3021 -0.6806 8.59 

25 1.100 2.649 0.113447 0.005140 -0.2179 -0.5705 12.38 

50 1.530 3.126 0.095433 0.002938 -0.0689 -0.1779 16.58 

100 2.062 3.628 0.078878 0.001635 -0.0046 -0.0109 22.46 

250 2.934 4.317 0.059908 0.000730 -0.0060 -0.0146 33.98 

400 3.459 4.684 0.051566 0.000478 -0.0033 -0.0082 42.20 

800 4.334 5.239 0.040948 0.000253 -0.0009 -0.0020 58.32 

1500 5.234 5.753 0.032939 0.000141 -0.0002 -0.0005 78.48 

3000 6.347 6.332 0.025699 0.000073 -0.0002 -0.0004 109.20 

6000 7.589 6.921 0.019901 0.000038   0.0000 -0.0001 152.34 

10000 8.587 7.360 0.016413 0.000023   0.0000  0.0000 194.95 

16000 9.569 7.768 0.013708 0.000015   0.0000  0.0000 244.81 

 

 

2. APPLICATION OF IMPROVED REMAINDER TO RUBINSTEIN AND S!2.!+ȭ3 -%4(/$ 

Summary of method.  The Fourier transform of Ὢ ὺ ÕÓÉÎÇ ÁÎÇÕÌÁÒ ÆÒÅÑÕÅÎÃÙ ʖ  is 

ςȢρ         Ὢ ‫
ρ

“

Ὡ Ὠὺ

τὶ ὺ
     

ρ

“
ÃÏÓςὶ—‫ÃÏÓ— Ὠ   ὐ ςὶ ‫          
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a Bessel function. Thus Ὂ ‫  Б ὐςὶ ‫  and Ὃ ‫  Б ὐςὶ .‫ 

Multi plying the series for the Bessel functions and keeping terms to ‫  gives (4.15) of [RS]: 

Ὃ ‫ ḙ ρ  Ὑ‫  Ὑ ς Ὑ τϳϳ ‫  in the notation of this paper (so including the first 

three terms of the series for ÅØÐ Ὑ‫ , which is the Fourier transform of the normal 

distribution variance ςὙ ).  

Then  ὖ‫  Ὂ ‫Ὃ The Poisson summation formula applied to the function  ὖὺ .‫ ὺᴂ  

gives, for any positive real Ў:‫ 

ςȢς       ὖὺ
ς“ὰ

Ў‫
 
Ў‫

ς“
ὖάЎ‫Ὡ Ў  

Ў‫

ς“
ὖάЎ‫ÃÏÓάὺЎ‫       

since ὖis symmetric. Ўthen needs to be small enough that for ὰ ‫ ‫ πȟ ὖὺ ς“ὰЎ‫ϳ  is 

negligible through the range of ὺ  of interest. The sum on the right hand side of (2.2) is limited 

to ȿάЎ‫ȿ < C , where C  is such that  ὖ:is negligible for ʖ > C.  Then ‫ 

ςȢσ         ὖὺḙ 
Ў‫

“

ρ

ς
Ὂ άЎ‫Ὃ άЎ‫

Ў

 ÃÏÓάὺЎ‫                

ςȢτ         Ὁὺḙ 
ρ

ς
 
ὺЎ‫

ς“ 

ρ

“
Ὂ άЎ‫Ὃ άЎ‫

ÓÉÎάὺЎ‫

ά
Ў

         

Rubinstein and Sarnak bound the neglected ὖὺ ς“ὰЎ‫ϳ  terms using upper bounds on ὖὺ 

derived by Montgomery [MG] ((4.8) of [RS]), and the neglected ὖterms using bounds on ‫ 

ὐ ς ὶ ‫   ((4.9) of [RS]; note neither (4.8) nor (4.9) depends on the form of the remainder). 

To assure sufficient accuracy, for  ή ρ they choose ЎC = 50, and N = 120000 ,1/20 = ‫ 

(ό ḙψψρωπ) For larger ή, they and other authors use N of order 10000 and leave out the ‫  

term in Ὃ . Thus calculations involve very large numbers of terms, each requiring calculation of 

a Bessel function. 

More accurate remainder.  Ὃ .can be evaluated as follows, building on the approach in [FIM] ‫  

Since  ὐЍςύ ρ  В
Ȧ

 , is absolutely convergent,  ÌÏÇὐЍςύ    may be 

expanded as a power series in ύ for the range ύ Ὦ, where Ὦ are the zeros of  ὐЍςύ ; 

Ὦ ḙρȢχππυȟ Ὦ ḙσȢωπσσȟ etc.. So 

ςȢυ         ÌÏÇὐЍςύ ὦύ                       

where some algebra gives ὦ ρς ϳ ȟὦ ρρφ ϳ ȟὦ ρχς ϳ ȟὦ ρρσπχς ϳ ȟὦ ρωρωςππ ϳ . 

Since ὐЍςύ  Б ρ  ȟ taking logarithms and expanding 

ςȢφ         ὦ  
ρ

Ὧ
Ὦ                      
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This shows that all ὦ are positive, and for larger Ὧ allows accurate values to be obtained by 

summing few terms; the estimate  ὦ ḙ ρ ὯὮ  ϳ  improves faster than  Ὦ Ὦϳ πȢρω  , 

having error about 4.5% at Ὧ ς, 0.005% at Ὧ φ.  

When (2.5) is valid for all terms in the exponent: 

ςȢχ         Ὃ ‫ ÅØÐ  ÌÏÇὐςὶ‫ ÅØÐ ςὦὶ ‫                        

ÅØÐ ςὦὙ‫                ÅØÐ ὦὧ†    

where †  ςὙand as (1.14) implies, ὧ ,‫ ρ. ((2.7) is equivalent to Proposition (2.12) of 

[FIM].)  Since the ὶ decrease with ὲ, the condition of validity is ςὶ ‫ Ὦ or †

Ὦ Ὑ ὶϳ  . Using (1.17) and (1.18), this is satisfied if ȿ†ȿ ɬ , where 

ςȢψ         ɬ Ὦ
ώ ρȾσ

σώ ρὧ
          

For the prime count distribution, values of ɬ are given in Table 1. For large ὔ, ɬ ͯὮЍὔ , 

irrespective of ήȢ From (2.6), (1.17) and (1.18), ὦ ὧ ὦὧϳ ᴼρɬϳ  from below. 

Hence ȿ†ȿ ɬ  is the condition that the series В ὦὧ†  converges.  (2.7) shows how Ὃ ‫ 

as a function of ʐ tends to normal variance 1 (multiplied by Ѝς“ as ὔᴼЊ, though not 

uniformly. Also for ȿ†ȿ ɬ  

ςȢω         Ὃ ‫ ÅØÐ ὦὧ†   ρ ὕ
ὦὧ†

ɬ †
      

since that proportionate error is given by assuming ὦ ὧ ὦὧϳ ρɬϳ  for Ὧ ὑ. 

When ȿ †ȿ ɬ , Ὃ ‫ Ὃ Б ‫ ὐςὶ where ὔᴂ is the smallest integer such that ,‫ 

ςὶ ‫ Ὦ. Ὃ is given by an expression of form (2.7) where the series is approaching ‫ 

divergence, and hence will be very small. The Bessel functions in the product have argument 

greater than the first zero, hence  each is of magnitude less than 0.41. So Ὃ will also be very ‫ 

small.  

Computations of prime count distribution . Using  small ὔ and ὑ, (2.9) can be used with (2.3) and 

(2.4) to calculate ὖὺand Ὁὺ. Table 2 sets out a complete  calculation of E(1) to 5 significant 

figures (ρπ ), using Ў‫ “ςϳȟ so that half the terms in (2.4) are zero.  Quantities are 

displayed to fewer digits than calculated.  The maximum error estimated by (2.9) in individual 

terms of (2.4) is less than ρπ . Figure 2 shows how sums (2.3) for ὖὺ up to the value of ά 

indicated (in this case including both even and odd ά) become accurate for larger ὺ as ά 

increases.  

Two factors add to the savings in computation arising from smaller ὔȢ Ўcan be considerably ‫ 

larger than (4.8) of [RS] suggests, if it is assumed that the neglected values of  ὖὺ ς“ὰЎ‫ϳ  

are all less than those calculated by assuming the distribution were normal. Thus at ὺ ρȟ if 
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Ў‫ ς the largest neglected term is ὖὺᴂ for  ὺᴂ “ ρ . ὖ“ ρ   ÈÁÓ ȰÎÏÒÍÁÌȱ ÖÁÌÕÅ about 

υȢρ ρπ  , and by the methods of Sections 3 or 4 can be calculated exactly as about 

τȢυ ρπ . The assumption is validated in Section 3. Also, smaller values for ὅ can be 

employed than (4.9) of [RS] indicates, because as † approaches ɬ, and the proportionate error in 

Ὃ as given by (2.9) increases, the value of Ὃ ‫ becomes very small.  These factors also ‫ 

benefit the other computations described in this Section, all of which have been repeated with 

different ὅ and Ў.with identical results to the given accuracy ,‫ 

TABLE 2. CALCULATION OF Ὁρ WITH N  =  5, K  = 7, Ўςϳ“  = ‫  

ά ʖ † Ⱦɬ Ὢ1 Ὢ2 Ὢ3 Ὢ4 Ὢ5 Ὂ5 Ὃ5 Sum for Ὁρ 

          0.25000000000 

1 1.571 0.037 0.9877 0.9944 0.9961 0.9973 0.9977 0.9735 0.9703 -0.05066067594 

3 4.712 0.110 0.8920 0.9504 0.9648 0.9762 0.9796 0.7822 0.7618 0.01256921934 

5 7.854 0.183 0.7146 0.8653 0.9038 0.9345 0.9439 0.4930 0.4690 -0.00215114117 

7 10.996 0.257 0.4810 0.7447 0.8159 0.8736 0.8916 0.2277 0.2257 0.00018592266 

9 14.137 0.330 0.2244 0.5966 0.7052 0.7955 0.8241 0.0619 0.0845 0.00000085594 

11 17.279 0.403 -0.0198 0.4306 0.5769 0.7026 0.7432 -0.0026 0.0245 -0.00000096511 

13 20.420 0.477 -0.2196 0.2573 0.4368 0.5979 0.6511 -0.0096 0.0054 0.00000031044 

15 23.561 0.550 -0.3511 0.0877 0.2913 0.4845 0.5502 -0.0024 0.0009 0.00000026436 

17 26.704 0.623 -0.4021 -0.0680 0.1468 0.3661 0.4432 0.0007 0.0001 0.00000026298 

19 29.845 0.697 -0.3737 -0.2006 0.0098 0.2461 0.3329 0.0001 0.0000 0.00000026299 

21 32.987 0.770 -0.2791 -0.3030 -0.1142 0.1282 0.2222 -0.0003 0.0000 0.00000026300 

23 36.128 0.843 -0.1414 -0.3705 -0.2199 0.0158 0.1139 0.0000 0.0000 0.00000026300 

‫ ά“ςȠ       Ὢ  ὐπςὶὲ ‫Ƞ       ϳ Ὁρ ρς  ϳ ρτ В ρ ϳ
 ϳ  Ὂ5Ὃ5/  ά“ 

 

FIGURE 2. % DIFFERENCES FROM ὖὺ OF SUM TO ά TERMS 

 

 
 

With a few more terms (C  =  50),  contributions to (2.4) fall below ρπ  . Values of Ὁρ within  

ρπ , the approximate accuracy of computation, of   ςȢφςωωφχσςτρπ were obtained for    
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N = 10 ὑ ρπ , N = 25 ὑ χȟ N = 50 ὑ υ , N = 100 ὑ τ , and N = 250 ὑ σȢ  4ÈÉÓ ȰÔÒÁÄÅ ÏÆÆȱ 

in accuracy between ὔ and ὑ reflects the fact that with larger ὔ, the terms contributing to (2.4) 

have lower values of  † Ⱦɬ , and hence (2.7) converges more quickly. Changes in data used 

within its known accuracy have effects no larger than order ρπ  . Bessel function calculations 

(from the power series) have also been checked to be of sufficient accuracy. It can be stated 

with some confidence that for the prime count distribution :  

 

ςȢρπ      ςȢφςωωφχσςρπ Ὁρ  ςȢφςωωφχσσρπ              
 

Prime number races. Table 3 gives some results of applying (2.4) and (2.9) to (1.5) with  ή ρ, 

or to (1.8) as described in Appendix A.  The races with ή prime or equal to 4  were calculated 

with Ў‫ ρς„ϳ  , that is with  step ½ in „being the standard deviation of the distribution „ , ‫  

(see (A.3)). This should limit  the Poisson sum error  to less than Ὡ Ⱦ ϳ ρπ  ; and the 

successive terms in (2.4) are of order ρπ by  „‫ φȢ  Results to 7 decimal places can thus be 

obtained by summing about 12 terms in (2.4) with the values of N and K  given. As before, there 

ÉÓ Á ȰÔÒÁÄÅ ÏÆÆȱ ÂÅÔ×ÅÅÎ ÖÁÌÕÅÓ ÏÆ N and K needed to achieve a particular accuracy. Results can 

be obtained to within the accuracy of computation or data, for example 0.004072076720775 for 

the Mod 4 race with N = 50, K = 5.  

Two cases for ή ψ are also given: the race between 1 and 3 requires calculation of Ὁς, whilst 

the method for the three way race follows that set out in Feuerverger and Martin 2000. Good 

results are obtained with small N and K  and Ў‫ πȢψ. 

TABLE 3. PRIME NUMBER RACE RESULTS 

ή Description of race ήᴂ „ ὧ ὔ π  N K result 

 4 1 leads 3    1 0.1556 0.1517 3 5 0.0040721 

 5 square leads   1 0.1566 0.1161 3 5 0.0045774 

 5 1 leads 2 or 3   3 0.3598 0.0571 1 5 0.0478254 

 7 square leads   1 0.2552 0.1871 3 5 0.0217412 

 7 1 leads 3 or 5   5 0.7510 0.0493 1 4 0.1255461 

 7 1 leads 6   3 0.9328 0.1316 1 4 0.1547904 

 8 1 leads 3   2 0.6253 0.1926 2 5 0.0004312 

 8 order 7, 1, 5   3   5 3 0.0024769 

13 square leads   1 0.3967 0.2741 3 5 0.0556810 

13 1 leads 6 or 11 11 2.7458 0.0427 1 4 0.2745797 

13 1 leads 5 or 8   9 3.3070 0.1022 1 3 0.2953206 

13 1 leads 2 or 7 11 4.1552 0.2020 1 3 0.3211909 

For inter -residue races with prime modulus, good results can be obtained with N = 1, thus using 

only the smallest L-function zeros explicitly. As discussed in Appendix A, this is because: 

a) The combination of series in (1.8) brings the race distribution closer to normal, 

reducing the value of ὧ, although with larger ή low first  zeros of ὒ-functions can 

make some individual series distributions, including that for squares against non-

squares, further and further  from normal; 
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b) Although first zeros have high variability, even the second zeros show much less 

variability. This makes Ὃ already close to normal and an accurate approximation to 

the remainder, and reduces its variation amongst races. For example, with ή ρσ a 

first  zero is near 0.88, giving ὧḙπȢψπ for this component series. In (1.8), ὥ  for 

this zero is near 0.07, 0.5 and 0.93 in the 3 races and this variation accounts for 

almost all the differences in „ and ὧ  shown. However, for the 3 races Ὃ has 

variance between 0.642 and 0.655 and ὧ between 0.0118 and 0.0131. Whenever 

the zeros do not vary greatly with ά the ὧ for a sum (1.8) will be reduced below 

individual series ὧ by a factor of at least ; and 

c) As variance increases the result becomes less extreme and approximations more 

accurateȢ  

FIGURE 3. MODULO 43 ɀ RACES 1 VS. OTHER RESIDUES 

 
Residues 2,22 3,29 5,26 7,37 8,27 12,18 19,34 20,28 30,33 32,39 42 

ήᴂ 39 41 41 35 39 41 41 41 41 39 21 

„ 35.9214 38.6066 34.9265 35.1331 32.1686 29.5968 32.0751 29.7294 28.5452 28.5104 42.8324 

ὧ .044043 .068273 .057863 .064573 .062916 .044231 .063384 .041362 .041514 .036787 .074232 

Exact .434310 .436955 .433581 .433880 .430929 .427727 .430872 .427830 .426376 .426252 .440176 

Normal .433744 .436070 .432816 .433012 .430024 .427080 .429923 .427241 .425764 .425719 .439279 

„ (FM) 35.5463 38.3969 35.0279 36.1554 30.9422 28.2683 31.5226 28.2683 28.2683 28.7231 42.8243 

 (4.6) .434294 .436891 .433549 .433827 .430854 .427688 .430760 .427808 .426345 .426235 .440128 

 

As ή increases further, it is not even necessary to take explicit account of all initial zeros, only of 

the smallest. With ή τσ,  ήᴂ τρ , explicitly representing only the 7 zeros with imaginary 

parts magnitude less than 1 (the smallest being about 0.138) and K = 3 gives race results to 6 

decimal places, as seÔ ÏÕÔ ÂÅÌÏ× &ÉÇÕÒÅ σ ÒÏ× Ȱ%ØÁÃÔȱ Ȣ &Ïr these non-extreme races, almost all 

of the variation in result with residue class arises from changes in „;   

the correlation between the exact result and its value for a normal distribution with variance „  

ÒÏ× Ȱ.ÏÒÍÁÌȱ  ÉÓ πȢωωωφȢ Figure 3 shows how almost all variation amongst races in „ (and in 

ὧ which has correlation 0.79 with „ ) is driven by the varying ὥ  for 6 first zeros, represented 

by red, green, blue, orange, violet and olive.  Such dependence has been commented on by Bays 

et al. [BHFR]. (The other first zero explicitly represented is of the L-function determining the 
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square/non-square distribution. This distribution has ὧḙπȢφω, and its density is so far from 

ÎÏÒÍÁÌ ÁÓ ÔÏ ÂÅ ȰÄÏÕÂÌÅ ÈÕÍÐÅÄȱ Ȣ Below Figure 3 are also results from other approximations, 

considered in Section 4. 

Thus generally, but particularly for inter-residue races with large modulus, at moderate values 

of ὺ ὖὺ and Ὁὺ  are determined by the exact values of quite few initial zeros, and the 

collective behaviour of zeros as expressed by quite few ὙȢ  As noted in Appendix B, it is 

possible to calculate Ὑ without using the values of ό for ὲ ὔ. 

 

Limitations of the Rubinstein-Sarnak method. Using (2.7) in this method speeds calculation and 

probably improves accuracy, since the result is a combination of fewer quantities; obtaining 

(2.10) requires fewer than 2000 Bessel functions to be calculated. However, (2.3) and (2.4) 

express ὖὺ and Ὁὺ, however small, as the difference of quantities of order 0.25, as Table 2 

demonstrates.  In these and other normal precision computations, their  accuracy can therefore 

be no better than that of computation with these quantities, typically around ρπ  . A different 

method is needed for more extreme results. 

 

 

3. APPLICATION OF L!0,!#%ȭ3 -%4(/$ 

Description of the method. As already noted, for ή ρ, Montgomery ([MG]: note his ὶ is ὶ 

here) established (widely separated) upper and lower bounds on Ὁὺ of the form 

ÅØÐ ὧЍς“ὺὩЍ  ) for suitable ὧȢ This confirms what is seen for smaller ὺ ; as ὺ increases, ὖὺ 

and Ὁὺ decay at a rate which itself increases. These are the conditions suited to ,ÁÐÌÁÃÅȭÓ 

ÍÅÔÈÏÄ ÏÒ ȰÍÅÔÈÏÄ ÏÆ ÓÔÅÅÐÅÓÔ ÄÅÓÃÅÎÔȱ. For large ί  , the Laplace transform  

σȢρ         ὖί Ὡ ὖὺὨὺ               

is increasingly determined by the integral of a near normal curve centred at a point ὠ near 

where the logarithmic decrement of ὖ passes ί. If ὖί can be evaluated, it should be possible to 

estimate ὠ and  ὖὠ as functions of  ί, and hence to  determine their relationship.  

Calculation of the Laplace transform. Paralleling (2.1), and notating as (3.1), the Laplace 

transform 

σȢς         ὪӶί
ρ

“

Ὡ Ὠὺ

τὶ ὺ
     

ρ

“
ÅØÐςὶ—‫ÃÏÓ— Ὠ   Ὅ ςὶ ‫ȟ          

a Bessel function of imaginary argument. Properties of these functions, summarised in Appendix 

C, are important in both theory and computation described in this paper. For any N , 

σȢσ         ὖί ὋӶί Ὅςὶ ίȢ 

where paralleling the derivation of (2.7), and defining ɬ as in (2.8), for ὸ  ςὙί ɬ: 
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σȢτ         ὋӶί Ὅςὶ ί ÅØÐ ρ ὦὧὸ         

(Appendix D gives an alternative derivation of (3.4), which confirms the existence of ὋӶί.) 

Thus the logarithm of the transformed density is given by 

σȢυ         ὒί ÌÏÇὖί ÌÏÇὍςὶί ρ ὦὧὸ Ȣ         

The value of ί corresponding to a particular ὺ increases rapidly  with ὺ, as does ὒί. To obtain 

values of ὖ and Ὁ to a particular accuracy, say 0.01%, requires evaluation of ί ÁÎÄ ὒί, however 

large, to a constant absolute accuracy, in this case rather better than 0.0001. Therefore 

В ρ ὦὧὸ   must be calculated to higher and higher proportionate accuracy. To avoid 

unnecessarily large values of  ὔ , it is desirable to use values of ὸȾɬ which are significant 

fractions of 1.  The approximation В ρ ὦὧὸ  would then need large ὑ.  However,  

summation can be accelerated. The approximation (1.18) for ὧ in terms of ὧ has error which 

decreases rapidly with ὔ and increases with Ὧ no faster than Ὧ (see Appendix B). The 

proportionate error in the approximation  ὦ ḙ ρ ὯὮ  ϳ  reduces faster than πȢρω . 

Therefore the series 

σȢφ         Ὓ ὸ ρ ὦὧ
ώ ρ ςὯ ρϳ

ὯςὯ ρ ώ ρὮɬ 
ὸ         

will  converge more quickly than πȢρωὸ ɬ ϳ ) and can be approximated by a few terms. Then 

σȢχ        ρ ὦὧὸ Ὓὸ Ὓ ὸȟ ×ÈÅÒÅ   

σȢψ         Ὓὸ      
ρ ώ ρ ςὯ ρϳ ὸ

ὯςὯ ρ ώ ρὮɬ 
 

                             
ρ ὸ

ώ ρὮɬ 

ςώ ρ

ςὯ ρ

ώ ρ

Ὧ

ς

ςὯ ρ
 

                             
ɬ 

ώ ρὮ
ώ ρ ςὝÁÒÃÔÁÎὝ ÌÏÇρ Ὕ ςὝ

ÁÒÃÔÁÎύὨύ

ύ
  

where  Ὕ  ὸȾɬ . Values of ὒί and its derivatives, as required below, may be calculated for 

suitable ὔ using (3.5), (3.7), (3.8) and 8 terms of (3.6), together with the formulae for their 

derivatives. Ὅὼ and Ὅὼ Ὅὼ can be calculated to 1 part in ρπ using (C.2) and (C.3), and 

higher derivatives obtained using (C.8). The integral of inverse tangent in (3.8) can be 

calculated by integrating the polynomial approximation (4.4.49) in [AS].  

Calculation of  ╟○ and ╔○ from the Laplace transform. !ÐÐÅÎÄÉØ % ÓÅÔÓ ÏÕÔ ,ÁÐÌÁÃÅȭÓ ÍÅÔÈÏÄ 

in detail. For any value of ί for which ὒί and its derivatives are known, it obtains estimates for 

ὖὠ and Ὁὠwhere  

σȢω         ὠί ὒί            
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TABLE 4. RESULTS FROM L!0,!#%ȭ3 -%4(/$ 

ὺ Ѝς“ὺ 
Prime count distribution  Mod 4 square/non-square Mod 7 square/non-square Mod 13 square/non-square Mod 7, 1 vs. 3 or 5 

ÌÏÇὉὺ Ў Ϸ  Ў  ÌÏÇὉὺ Ў Ϸ  Ў  ÌÏÇὉὺ Ў Ϸ  Ў  ÌÏÇὉὺ Ў Ϸ  Ў  ÌÏÇὉὺ Ў Ϸ  Ў  

1.0 2.51 -15.1511 -0.219 1.83 -5.5040 -1.090 0.23 -3.8328 -1.625 0.34 -2.9176 -3.407 0.14 
   

1.5 3.07 -35.9677 -0.091 1.91 -11.4827 -0.482 0.08 -7.4217 -1.149 0.18 -5.2734 -1.982 -0.08 
   

2.0 3.54 -72.1428 -0.045 1.97 -21.5027 -0.221 -0.06 -13.3272 -0.458 0.04 -9.0697 -0.726 -0.27 -4.6055 -0.108 1.77 

2.5 3.96 -130.1514 -0.025 2.00 -37.2592 -0.115 -0.19 -22.5157 -0.231 -0.09 -14.8341 -0.417 -0.45 -6.4028 -0.151 1.73 

3.0 4.34 -218.2738 -0.015 2.03 -60.9113 -0.066 -0.31 -36.2276 -0.129 -0.21 -23.2943 -0.236 -0.62 -8.6169 -0.209 1.68 

3.5 4.69 -346.9825 -0.010 2.05 -95.1814 -0.040 -0.43 -56.0264 -0.077 -0.32 -35.3599 -0.138 -0.77 -11.3013 -0.244 1.64 

4.0 5.01 -529.3893 -0.006 2.06 -143.4698 -0.026 -0.54 -83.8639 -0.049 -0.43 -52.1624 -0.087 -0.92 -14.5144 -0.239 1.59 

4.5 5.32 -781.7636 -0.004 2.08 -209.9886 -0.018 -0.64 -122.1566 -0.032 -0.54 -75.0992 -0.057 -1.07 -18.3185 -0.205 1.54 

5.0 5.60 -1124.1332 -0.003 2.09 -299.9155 -0.012 -0.75 -173.8739 -0.022 -0.64 -105.8832 -0.039 -1.20 -22.7800 -0.164 1.50 

5.5 5.88 -1580.9784 -0.002 2.09 -419.5716 -0.009 -0.84 -242.6404 -0.016 -0.74 -146.6006 -0.027 -1.33 -27.9695 -0.128 1.46 

6.0 6.14 -2182.0308 -0.002 2.10 -576.6257 -0.006 -0.94 -332.8527 -0.011 -0.83 -199.7766 -0.020 -1.46 -33.9624 -0.101 1.42 

6.5 6.39 -2963.1926 -0.001 2.11 -780.3300 -0.005 -1.03 -449.8143 -0.008 -0.92 -268.4518 -0.015 -1.58 -40.8393 -0.082 1.38 

7.0 6.63 -3967.5898 -0.001 2.11 -1041.7884 -0.004 -1.12 -599.8896 -0.006 -1.01 -356.2690 -0.011 -1.70 -48.6867 -0.068 1.34 

7.5 6.86 -5246.7766 -0.001 2.11 -1374.2653 -0.003 -1.20 -790.6805 -0.005 -1.10 -467.5724 -0.008 -1.81 -57.5969 -0.058 1.31 

8.0 7.09 -6862.1110 -0.001 2.12 -1793.5359 -0.002 -1.28 -1031.2272 -0.004 -1.18 -607.5209 -0.006 -1.92 -67.6691 -0.050 1.27 

8.5 7.31 -8886.3200 0.000 2.12 -2318.2868 -0.002 -1.36 -1332.2374 -0.003 -1.26 -782.2170 -0.005 -2.03 -79.0088 -0.043 1.23 

9.0 7.52 -11405.2800 0.000 2.12 -2970.5695 -0.001 -1.44 -1706.3463 -0.002 -1.34 -998.8531 -0.004 -2.13 -91.7288 -0.037 1.20 

9.5 7.73 -14520.0358 0.000 2.12 -3776.3165 -0.001 -1.52 -2168.4118 -0.002 -1.42 -1265.8767 -0.003 -2.24 -105.9495 -0.032 1.17 

10.0 7.93 -18349.0874 0.000 2.12 -4765.9238 -0.001 -1.60 -2735.8482 -0.001 -1.49 -1593.1788 -0.002 -2.34 -121.7989 -0.028 1.13 

10.5 8.12 -23030.9749 0.000 2.13 -5974.9105 -0.001 -1.67 -3429.0042 -0.001 -1.56 -1992.3049 -0.002 -2.43 -139.4131 -0.024 1.10 

11.0 8.31 -28727.1968 0.000 2.13 -7444.6626 -0.001 -1.74 -4271.5880 -0.001 -1.64 -2476.6945 -0.002 -2.53 -158.9371 -0.021 1.07 

ÌÏÇὉὺ is calculated to third order in ‖ as described in Appendix E. 

Ў Ϸ  = difference between Ὁὺ as  thus calculated and the simpler calculation using (3.12) and (3.14) (thus = ρππdifference in ÌÏÇὉὺ) 

Ў  = difference between ÌÏÇὉὺ as thus calculated and estimate using (3.12) and (3.14). 
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The value of ί such that ὠί ὺ can be obtained from an initial estimate ί  by iteration. This 

converges to the accuracy of computation in a few steps: 

σȢρπ       ί ί ὺ ὠί
Ὠί

Ὠὺ
ί

ὺ ὒᴂί

ὒ ί
   

The estimates of ὖὺ and Ὁὺ then arise from asymptotic series, expressions for the terms of 

which become complicated. Verification of accuracy is through a small difference arising from 

the last terms included. Appendix E describes calculations to third order in the parameter    

σȢρρ      ‖ίḙ
ὒ ί

ὒ ί
ϳ
      

which drives successive corrections. These calculations require derivatives of ὒ up to the fifth. A 

simpler calculation, valid to first order in ‖, uses derivatives to the third and effectively assumes 

that the contributions to (3.1) deviate from a normal distribution only through skewness 

(determined by ‖). It gives, for large ί determined by (3.9) and (3.10): 

σȢρς      ÌÏÇὖὺḙὒί ίὺÌÏÇς“ὒ ί       

σȢρσ      
ὖᴂὺ

ὖὺ
     ḙ

ὒ ί

ςὒ ί
 ί            

σȢρτ      
ὖὺ

Ὁὺ
      ḙί

ὒ ί

ςὒ ί
  

ρ

ίὒᴂᴂί
           

Table 4 sets out results for ὺ ρρ, for the prime count distribution, for square/non-square 

races modulo 4, 7 and 13, and for the race of residue 1 against 3 or 5 modulo 7, for which (3.5) 

is replaced by (A.5), involving 5 series. The most extreme results calculated correspond to the 

logarithmic density of “ὼ ,É ὼ υ,ÉЍὼ (estimated at ψȢφτωρπ ) and to the 

ÒÅÓÕÌÔÓ ÏÆ ÔÈÅ ÒÁÃÅÓ ÇÏÉÎÇ ȰÁÇÁÉÎÓÔ ÔÈÅ ÔÒÅÎÄȱ ÂÙ Á ÆÁÃÔÏÒ ÏÆ ρπ ÏÒ ÍÏÒÅȢ +ÅÙ ÐÏÉÎÔÓ ÏÎ ÔÈÅ 

calculations are as follows: 

a) For each  ὺ , calculations were done with two values of  ὔ , differing by a factor of about 

2. The aim was to keep the difference  Ў  between values of ÌÏÇὉὺ  thereby obtained 

less than υ ρπȢ This corresponded to keeping  ὸȾɬ less than about 0.6, and the last 

term of (3.6) used (Ὧ =  8) less than ρπȢ Once ὺ reached a value where Ў υ ρπ , a 

new higher value of ὔ was selected, the higher value becoming the lower and the lower 

being discarded. This reduced Ў  to ρπ  or less and confirmed accuracy up to each 

changeover. For the prime count distribution, calculations thus began by comparing 

ὔ υπ with ὔ ςυ, and concluded by comparing ὔ ρφπππ with ὔ ρππππ. The 

races required smaller ὔ ɀ up to 3000 for modulo 4, up to 100 for each series for the 

inter ɀ residue race.  

b) (3.9) with (3.5 ) represents ὺ as the sum of contributions from the ὔ initial terms and the 

remainder. Typically the remainder contributes about 30% of smaller ὺ  , falling to 20% 

of larger ὺ; and the total contribution of initial terms is 70 ɀ 90% of their maximum 

possible total contribution, ɫ ςВ ὶὲ
ὔ
ὲ ρ . Thus typically a value of ὔ is needed such 

that ɫ πȢψὺȢ The smaller ὔ needed for races than for the prime count distribution 

reflects the fact that ɫ is larger for a particular ὔȢ 
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c) The accurate calculation of the remainder  В ρ ὦὧὸ  is very necessary for large  

ὺ . Even omitting the first term (corresponding to a normal distribution) it can contribute 

several hundred to ÌÏÇὉὺ. 

d) The correction (shown as a percentage in Table 4) from using the full procedure of 

Appendix E rather than (3.12) and (3.14) diminishes as ὺ increases. (It will be seen later 

that the results obtained using the full procedure for smaller ὺ ,  where  corrections can 

be significant, accord closely with other calculations). 

All this gives high confidence, though not rigorous proof, that the calculated values of ÌÏÇὉὺ 

are accurate to ρπ , and Ὁὺ therefore accurate to 0.01%.  

Theoretical model of behaviour of logarithmic density for large  ○. Appendix F describes how 

,ÁÐÌÁÃÅȭÓ ÍÅÔÈÏÄ ÃÁÎ ÂÅ ÁÐÐÌÉÅÄ theoretically, as first set out by Monach [MON] and developed 

recently by Lamzouri [LA]. Effectively ὔ  is set at ςί . A first approximation to the behaviour of 

ÌÏÇὖὺ, which is of order ίÌÏÇί , has error of order ί . For prime count or square/non-square 

distributions this gives -ÏÎÁÃÈȭÓ ÒÅÓÕÌÔȡ 

σȢρυ      ÌÏÇὖὺͯ
Ѝς“ὺ

ή
ÅØÐЍς“ὺ ὃ         

where ὃ ḙ πȢπψωσσ is defined by (F.5). Using (1.19), error can be reduced to order 

ÌÏÇίͯ Ѝς“ὺ,  giving  

σȢρφ      ÌÏÇὖὺ
ρ ς“ὺ

ή
ÅØÐς“ὺ ὃ   ὕЍς“ὺ      

where ὺ ὺ ɫ ὢ ὃ ς“ϳ , ὢḙπȢπσσφπȢρωςςÌÏÇή is defined by (F.8), ɫ  is defined by 

(1.19), and ὃ ὃ ÌÏÇή“ϳ ḙ ρȢςστρÌÏÇή Ȣ The corresponding formula for inter -residue 

races is at (F.16). From (3.14), ÌÏÇὖὺ ÌÏÇὉὺͯÌÏÇί, so (3.15) and (3.16) also give 

ÌÏÇὉὺ to the stated accuracies. 

Table 4 shows that (3.16) gives results differing from calculated values by about 2. This is of 

order ÌÏÇί , and is low in the context of values approaching -30000 for the prime count 

distribution , though corresponding to a factor of order 10 difference from the calculated Ὁρρ. 

The errors are systematic, suggesting that further improvements in accuracy may be possible. 

This has not been pursued, since (3.16) is sufficient to explain major aspects of behaviour, 

discussed in Section 5; also, uncertainties in the estimates of ɫ made from the data on zeros 

available could change the quoted differences from calculated values by up to 0.2 ɀ 0.3 at 

ὺ ρρȢ  (3.15) under-estimates Ὁρρ by a factor of order  ρπ . 

The analysis of Appendix F also confirms assumptions made about ‖ and other parameters used 

in the calculations of Appendix E (see ((F.14)).  

Comparison with normal distribution. This can be made using the results of Appendix F, but also 

more directly. From (3.9) and (C.4), for ί π 

σȢρχ      
ὠί

ί

ρ

ί

Ὠ

Ὠί
ÌÏÇὍςὶί  ςὶÍÉÎὶȟ

ρ

ί
ςὙ  

ɫ

ί
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where Ὑ and ɫ are evaluated for ὔ such that ὶ ρίϳ ὶ  or ό ίͯ . Therefore, from 

(1.18) and (1.19), ὠί ίO πϳ  as ίO ЊȢ Also, ὠί ί В ςὶȢϳ ὶ „ . Therefore, for 

any ὺ πȟί takes a value larger than that of ὺ„ϳ  which would apply were ὖὺ normal (and 

then ὒί „ί ςϳ). The basis ÏÆ ,ÁÐÌÁÃÅȭÓ ÍÅÔÈÏÄ ÉÓ ÔÈÁÔ ÌÏÇ ὖὺͯ ί for larger ὺ, and 

(F.14) and (F.15) confirm this. Accordingly, once ὺ is large enough that the method is effective, 

ὖὺ will diminish with ὺ more rapidly than does a normal distribution. This has been used to 

support the calculations in Section 2. 

 

4. EXPLICIT FORMULA FOR THE REMAINDER: DIRECT CONVOLUTION 

2ÅÐÒÅÓÅÎÔÁÔÉÏÎ ÏÆ ,ÁÐÌÁÃÅȭÓ ÍÅÔÈÏÄ ÉÎ ÒÅÁÌ ÓÐÁÃÅ. In (3.7) with (3.3), each initial ÔÅÒÍȭÓ 

contribution represents the average value of Ὠ  contributing to  ὺ ὠί . As ὺ  increases, the 

contribution as a proportion of maximum possible value ς ὶ approaches 1, and a larger ὔ is 

needed to deliver the total contribution. For the prime number distribution, at ὺ ρ the 

average value of Ὠ is 87% of maximum; at ὺ ρρ it is 99.97% of maximum, whilst the average 

value of Ὠ   is 64% of maximum.  

,ÁÐÌÁÃÅȭÓ ÍÅÔÈÏÄ ÅÆÆÅÃÔÉÖÅÌÙ ÅÖÁÌÕÁÔÅÓ ÔÈÅÓÅ ÁÖÅÒÁÇÅ ÃÏÎÔÒÉÂÕÔÉÏÎÓȟ ÁÎÄ ÃÏÍÂÉÎÅÓ ÔÈÅÍȟ ÍÁËÉÎÇ 

use of the fact that for significant  ὔ ὔ , the distribution of  В Ὠ is not far from normal, 

though the individual Ὢ ὺ as given by (1.6) are very far from normal. Figure 4 shows this 

happening even for Ὂ ὺ with ὔ ÓÍÁÌÌȢ ,ÁÐÌÁÃÅȭÓ ÍÅÔÈÏÄ ÉÓ less accurate if the distribution 

being evaluated is further from normal (as is shown in Table 4: square-non square races for 

larger ή have larger differences Ў between first and third order results.)  

FIGURE 4. APPROACH OF Ὂ ὺ TO NORMAL FORM 

 

An expression for ╖╝○. This can be derived by setting 
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Thus Ὣ ὸ describes the deviation of Ὃ ὺ from normal form. From (3.4), for ὸ ɬ  

                   ÅØÐ ρ ὦὧὸ  ὋӶ
ὸ

ςὙ
Ὃ ὺ ÅØÐ

ὺὸ

ςὙ
Ὠὺ 

                   Ὃ ὺ ÅØÐ
ὺᴂ

τὙ

ρ

ς

ὺ

ςὙ
ὸ

ὸ

ς
Ὠὺ  

Ὡ ϳ

Ѝς“ 
Ὣ ὸ ὸὩ ϳὨὸ 

Thus 

τȢς         ÅØÐ ρ ὦὧὸ  
ρ

Ѝς“ 
Ὣ ὸ ὸὩ ϳὨὸ

ρ

Ѝς“ 
Ὡ ϳ ὸ

άȦ

Ὠ

Ὠὸ
Ὣ ὸὨὸ ÅØÐ

ρ

ς

Ὠ

Ὠὸ
Ὣ ὸ 

using (C.1); so, inverting the operational series: 

τȢσ         Ὣ ὸ
ρ

ςάȦ

Ὠ

Ὠὸ
ÅØÐ ρ ὦὧὸ     

This brief derivation skirts over issues of validity. Further discussion in Appendix G indicates 

that for the prime count distribution (4.3) should be reliable for  ὸ πȢυωɬ  when ὔ ςυπ.  

Approximation to first order in ╬ for the deviation from normal. If ὸɬϳ Ḻρ just the Ὧ ς term 

can be retained in (4.3), and only one differentiation of the exponential made. This terminates 

the ά series at  ά ς, and gives: 

τȢτ         Ὣ ὸḙ ρ σὧ ρφσὧὸ ψϳϳ ÅØÐὧὸ ρφϳ           

τȢυ         Ὃ ὺḙ
ρ

τ“Ὑ 
ρ
σὧ

ρφ

σὧὺ

ρφὙ
ÅØÐ

ὺ

τὙ

ὧὺ

φτὙ
    

(4.4) may be approximated further by  Ὣ ὸḙ ρ σὧ ρφσὧὸ ψ ὧὸ ρφϳϳϳ . This shows 

the behaviour of Ὃ  relative to normal at relatively small deviations. The density is reduced by 

proportion σὧ ρφϳ  at zero deviation. The ratio to normal density rises and crosses unity at 

ὸ σ Ѝφ ḙπȢχτς and at maximum ratio, reached at  ὸ Ѝσ ḙρȢχσς, is increased in 

proportion σὧ ψϳ which is twice the reduction at zero; it crosses unity again at ὸ σ Ѝφ ḙ

ςȢσστ, thence falling away steadily.  

This is the type of behaviour observed for the prime count distribution (see Figure 1), for which  

Ὃ ὺ  gives some approximation to ὖὺ  for small  ὺ. ὖὺ  might be validly represented by 

(4.3) when ὸ Ὦ Ὑ ὶϳ  ḙσȢφυ ὺḙπȢχψȢ (4.4) and (4.5) could be expected to break down 

for some smaller ὺȢ   In fact, (4.5) approximates the exact values of  ὖὺ, as calculated using 

(2.3), to within 1.5% right up to ὺ πȢχψ, and the approximation continues fair to around 

ὺ ρ ὸḙτȢφυȢ   Numerical integration of (4.5) gives  Ὁρ ςȢτυρπ, within 7% of the 

accurate result.   
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Ὃ ὺ represents ὖὺ well for π ὺ ρ in the case of an inter-residue race when ή  is large 

(making „ large and ὧ small as explained in Section 3 and Appendix A.)  It is then valid to make 

the further approximation  ὖὺḙ
Ѝ  

ρ  , which gives the race result for 1 

leading a a non-square:  

τȢφ        Ὁρḙ
ρ

ς

ρ

„Ѝς“ 
ρ
σὧ

ρφ
  
ρ

φ„
Ȣ           

This is equivalent to the unnumbered equation for ‏ήȡὥȟὦ on page 40 of [FIM]; the authors 

continue by obtaining approximate expressions for „ (which is ¼ of their ὠ) and ὧ. For ή

τσ, results calculated using (4.6) are given in Table 3. These have a maximum error of about 

0.0001, whilst in this non extreme case assuming the distribution is normal has a maximum 

error of about 0.001. Results of the method in [FIM] are also given: these show the pattern of 

the exact results but, as stated, the expressions for „  and ὧ given there are suitable only for 

rather larger ή. 

Calculation of ╟○ and ╔○ by direct convolution. (4.3) is a divergent asymptotic series. 

However, the terms oscillate, giving an indication of accuracy. For ὔ ςυπ ,  ὸ πȢυωɬ ,  

τȢχ         Ὣ ὸḙ
ρ

ςάȦ

Ὠ

Ὠὸ
ÅØÐ

ὸ

ς
Ὓὸ Ὓ ὸ        

with Ὓὸ and Ὓ ὸ as in (3.8) and (3.6), is found to give values of Ὣ  accurate to 0.01%. 

Derivatives of Ὓὸ and Ὓ ὸ up to the fourth can be derived explicitly as before, and the first 3 

terms of (4.7) thus worked out: the remaining terms, which have smaller effect, can be obtained 

sufficiently accurately by numerical differentiation. 

Define average values Ὢ ὺ at values of ὺ separated by a step length ɝὺ as 

τȢψ         Ὢ ὺ
ρ

“ɝὺ
ÁÒÃ ÃÏÓὺ ɝὺςϳ ςὶϳ ÁÒÃ ÃÏÓὺ ɝὺςϳ ςὶϳ       

with suitable adjustments near ὺ ς ὶȢ Then an approximation Ὂ ὺ to Ὂ ὺ is 

τȢω         Ὂ ὺ ɝὺ Ὂ ὺ ὺ ὺᴂ
ȿȿ

Ὢ ὺᴂ           ×ÉÔÈ Ὂ ὺ Ὢὺ        

and an approximation to ὖὺ is 

τȢρπ      ὖ ὺ ɝὺ Ὂ ὺ ὺᴂ
ȿ ȿ

Ὃ ὺᴂȢ             

A small ɝὺ is needed, to represent Ὢ near ὺ ς ὶ. Inaccuracies there translate into growing 

inaccuracy of Ὂ ὺ as ὺ nears ɫ. However, a lower limit on ɝὺ is enforced both by the 

computation time (which behaves as  ɝὺ ) and by the differencing error introduced in (4.8). 

On a desktop computer in single precision, the limit appears to be about 0.00001. Such a small 

ɝὺ ÉÓ ÎÅÅÄÅÄ ÏÎÌÙ ÉÎ ×ÏÒËÉÎÇ ÏÕÔ ÔÈÅ ÄÉÓÔÒÉÂÕÔÉÏÎÓ ÏÆ ȰÂÌÏÃËÓȱ ÏÆ ÔÅÒÍÓȢ 4ÈÅÓÅ distributions  are 

smooth, and can be combined by numerical convolution with a larger ɝὺ ɝὺ πȢπππρ was 

used); the same is true of (4.10) and of a numerical integration to estimate ὉὺȢ  (4.10) needs 

to be summed only over the range which contributes significantly, effectively that where 



19 
 

logarithmic derivatives of Ὂ and Ὃ  are ÓÉÍÉÌÁÒ ÉÎ ÍÁÇÎÉÔÕÄÅ ÁÓ ÉÓ ÔÈÅ ÂÁÓÉÓ ÏÆ ,ÁÐÌÁÃÅȭÓ 

method.) 

For the prime count distribution, calculations were done with several ɝὺ . !Ó ÆÏÒ ,ÁÐÌÁÃÅȭÓ 

method, ὔ must be sufficient that ɫ is not much less than ὺȢ The method is fairly easy to set up, 

but is heavy on computing time: with ὔ ψππȟ to obtain values of ὖὺ and Ὁὺ to  ὺ υ  in 

steps of 0.0001 required about 3 hours. With ὔ  250, 400, and 600 agreement with ὔ ψππ to 

wi thin 0.01% was obtained for ὺ σȢψȟτȢςυ ÁÎÄ τȢφυ respectively Ȣ A larger ὔ further increases 

computation time and may not deliver better results, since as ὲ increases the Ὢ become less and 

less well approximated by (4.8). 

Calculations were also done for some races. As with other methods, the need to bring together 

more series was balanced by a reduced need for numbers of initial terms in each.   A particular 

application is to multi-way races with real characters, as described in Appendix A.  

 

5. DISCUSSION AND CONCLUSIONS 

Comparison of the three methods. As shown in Table 5, for the prime count distribution within 

ρ ὺ ρȢς there is agreement to within 0.001% amongst the three methods considered here: 

Rubinstein-Sarnak, Laplace (including the third order correction Ў) and direct convolution. For 

smaller ὺ the Laplace method loses accuracy through the impact of terms higher than third 

order. For larger ὺ the limitation of about ρπ  in absolute accuracy in the Rubinstein ɀ Sarnak 

calculation becomes noticeable, and is significant at  ὺ ρȢτ ὉὺḙτȢσωψρπ . Results of 

direct convolution gradually incrÅÁÓÅ ÁÂÏÖÅ ÔÈÏÓÅ ÏÆ ,ÁÐÌÁÃÅȭÓ ÍÅÔÈÏÄȟ ÔÈÅ ÄÉÆÆÅÒÅÎÃÅ ÒÅÁÃÈÉÎÇ 

0.2% at ὺ υȢ "ÅÁÒÉÎÇ ÉÎ ÍÉÎÄ ÔÈÁÔ ÔÈÅ ÁÃÃÕÒÁÃÙ ÏÆ ,ÁÐÌÁÃÅȭÓ ÍÅÔÈÏÄ ÉÎÃÒÅÁÓÅÓ ×ÉÔÈ ὺ, the likely 

cause of this difference is (4.8) and (4.9) overestimating Ὂ ÏÎ ÁÃÃÏÕÎÔ ÏÆ ÔÈÅ ȰÃÕÐ ÓÈÁÐeÄȱ 

nature of (1.6). Direct convolutions with larger ɝὺ are less accurate, which bears this out. 

TABLE 5. PRIME COUNT DISTRIBUTION: % DIFFERENCES IN CALCULATED Ὁὺ 

ὺ 0.8 0.9 1.0 1.1 1.2 1.3 1.4 2.0 3.0 4.0 5.0 

 Convol/Lap lace 0.010 0.003 0.000 -0.001 -0.001 0.000 0.000 0.003 0.015 0.053 0.195 

 R-S/Laplace 0.010 0.002 0.000 -0.001 -0.001 -0.008 -0.544 
    

 Convol/R-S 0.000 0.000 0.000 0.001 0.001 0.008 0.544 
    

 Laplace  Ў -0.312 -0.264 -0.219 -0.181 -0.151 -0.127 -0.107 -0.045 -0.015 -0.006 -0.003 

Similar comparisons arise for other distributions, though at larger values of ὺ, reflecting larger 

standard deviations. 

So the Rubinstein-Sarnak method is the best way to obtain results which are much larger than 

the absolute accuracy of computationȢ ,ÁÐÌÁÃÅȭÓ ÍÅÔÈÏÄ ÏÂÔÁÉÎs accurate results for extreme 

deviations, but requires a separate, iterative calculation for each value of ὺȢ If a full distribution 

is needed with fair accuracy over a range of values up to something fairly but not very extreme, 

direct convolution could be used. 

Comparison with observed distributions. As already noted, calculated ὖὺ show the type of 

behaviour observed in Figure 1 for observed actual values of Ὀ  in the range ὼ ρπ ÔÏ ρπȢ 
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However, the distribution of  the actual values deviates above and below normal to a greater 

extent than calculation suggests. The comparison of moment ratios in Table 6 confirms this. 

Whilst the actual values have variance close to limiting value, higher moments are significantly 

lower. The difference is not dependent on the exact start and end points of the range, or the 

exact ÌÏÇÁÒÉÔÈÍÉÃ ÉÎÔÅÒÖÁÌ ÕÓÅÄȢ 3Ï ÉÔ ÉÓ ÎÏÔ Á ÃÏÎÓÅÑÕÅÎÃÅ ÏÆ ÔÈÅ ȰÅÎÄ ÅÆÆÅÃÔÓȱ ÐÒÏÐÏÒÔÉÏÎÁÌ ÔÏ 

ρὤϳ which are ignored in deriving (1.15), or of the omission of extreme values of Ὀ in sampling. 

Nor is it on a clear reducing trend with increasing  , as would be consistent with it arising from 

terms neglected in (1.2). In fact, the tables provided at [K] to very fine resolution around 

extreme values suggest that Ὀ πȢψ for a logarithmic range of about 0.0003 within the above 

range of ὼ. Assuming a symmetric distribution, this is consistent with ὉπȢψḙτȢτ ρπ, 

compared to τȢχςρπ from (2.3). The limiting distribution is established only over a wider 

range of ὼ than that for which “ὼ and Ὀ can be calculated exactly.  

TABLE 6. MOMENT RATIOS 

Ὧ 2 4 6 8 

ὓ ὓϳ  ɀ for actual Ὀȟὼ ρπ ÔÏ ρπ 1.0077 0.9182 0.7638 0.5822 

ὓ ὓϳ  ɀ for actual Ὀȟὼ ρπ ÔÏ ρπ 0.9749 0.9260 0.8385 0.7100 

ὓ ὓϳ  ɀ for actual Ὀȟὼ ρπ ÔÏ ρπ 0.9977 0.9217 0.8208 0.7076 

ὓ ὓϳ   - from (1.15) 1.0000 0.9652 0.9034 0.8229 

Table 7 examines available data from [BHB] and [D] on what may be the first excursions of Ὀ 

above values of ὺ up to 1.5, calculated by summing (1.2) to many terms. The excursion occupies 

a logarithmic interval Ўᾀ ÌÏÇὼ ὼϳ , where ὼ and ὼ are its beginning and end points. Values 

of these are obtained by measurement from the graphs these authors provide. This process is 

very approximate (as are the graphs in regard to detailed crossings, even when very many 

terms are employed in the series used to make the calculations, which is derived by smoothing 

(1.2)).  Ўᾀᾀϳ gives an indication of the logarithmic frequency of excess, subject to a large 

sampling error. Its values agree with those of Ὁὺ as calculated above to within a reasonable 

factor of about 3Ȣ .Ï Ȱ×ÉÌÄÌÙ ÉÍÐÒÏÂÁÂÌÅȱ ÅØÃÕÒÓÉÏÎ ÏÃÃÕÒÓȟ ÎÏÒ ÄÏÅÓ ÁÎ ȰÅØÐÅÃÔÅÄȱ ÅØÃÕÒÓÉÏÎ 

not appear. This suggests that if analysis were carried out over very long ranges similar to that 

done for ὺ = 1 in [BHB], similar agreement with the values of Ὁὺ could be obtained.  

TABLE 7. POSSIBLE FIRST EXCURSIONS (APPROXIMATE VALUES OF Ўᾀᾀϳ)  

ὺ Location ὼ ᾀ ÌÏÇὼ Ўᾀ Ўᾀᾀϳ Ὁὺ 

     1.2 1.6×109608 2.2×104     0.00001 5×10 -10 2.833×10-10 

     1.25     1.3×10651157 1.5×106     0.0004 3×10 -11 3.839×10-11 

     1.3 6.6×1030802655 7.1×107     0.0002 3×10 -12 4.587×10 -12 

     1.5 5.5×101625185852  3.7×1010     0.00003 8×10 -16 2.396×10-16 

 

The nature of the distribution. The following general conclusions can be drawn from the above 

i. For small values of  ὸ ὺ„ϳ where „ is the standard deviation,  ὖὺ differs from 

normal by being lower for small  ὸ, higher when  ὸ is in the range 1 to 2, then lower 

again. The key determinant of the difference is ὧ. Inter-residue race distributions have 
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small values of ὧ , becoming smaller with increasing ή: the distribution tends to normal 

with increasing ή, though not uniformly in ὸ . This is because the distributions  involve 

more and more separate series in (1.8). Square/non-square race distributions have 

values of ὧ which tend to increase with ή, leading eventually to a double humped 

distribution, far from normal. This arises because of the appearance of smaller and 

smaller initial zeros ό (see [BHFR].) Values of Ὁρ can be calculated using small 

numbers of zeros explicitly, the rest being included in a collective remainder term of 

form (2.7), or (4.1) with (4.3).  

ii. For large values of ὸȟ the distribution behaves as (3.16) or (F.16). Its main driving factor 

is the long term behaviour of zeros as given by (B.5). Behaviour is influenced by ή and 

by ɫ or ɫ , which are effectively corrections to ὺ  determined largely by the initial 

zeros.  Thus these zeros affect both the deviation from normal for smaller ὸ  and the 

adjustments to the basic formula (3.11) for larger ὸȟ though in different ways. As 

discussed in [LA], for inter-residue races with large ή, and hence small ὧ , the 

ȰÃÒÏÓÓÏÖÅÒȱ ÂÅÔ×ÅÅÎ ÔÈÅ Ôwo types of behaviour occurs at ὸḻ„ÌÏÇή (Theorem 4 of 

[LA], noting that „ͯ ήÌÏÇή for prime ή). 

Possibilities for further work. These include 

a) Application of the Rubinstein-Sarnak method with modified remainder (Section 2) to 

wider categories of prime number race, including races involving many series and multi-

way races, for which the use of small numbers of initial terms should be particularly 

advantageous in reducing computing time. 

b) &ÕÒÔÈÅÒ ÃÏÍÐÕÔÁÔÉÏÎÓ ÁÎÄ ÁÎÁÌÙÔÉÃÁÌ ×ÏÒË ÁÐÐÌÙÉÎÇ ,ÁÐÌÁÃÅȭÓ ÍÅÔÈÏÄ 3ÅÃÔÉÏÎ σ ÁÎÄ 

Appendices E and F) to wider categories of race, including ascertaining whether the 

error in (3.16) can be further reduced.  

c) More rigorous demonstration of some of the results. Presently it is the close agreement 

between separate computations, and between computation and theory, that primarily 

supports accuracy. 

 

APPENDIX A. PRIME NUMBER RACES 

Interɀresidue races, prime modulus. For prime ή σ the άth Dirichlet character is the periodic 

sequence over Ὦ ρȟςȟσȟȣȢ 

!Ȣρ        … Ὦ ÅØÐ
ς“Ὥά‌

ή ρ
         

where the integer ‌ satisfies ὸ Ὦ ÍÏÄ ή, ὸ being a primitive root. Then assuming the 

Generalised Riemann Hypothesis, the limiting logarithmic density  of difference in normalised 

deviation (defined similarly to (1.1)) between numbers of primes equal to 1 and to  

ὦ ρ  ÍÏÄ ή   is that of ςὣ ρ where 

!Ȣς        ὣ ὢ ὢÓÉÎ
ὰ“‌

ή ρ
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Here for ὰ ή σ ςȟϳ  ὢ is a random variable whose distribution is that of 

ςВ ὶȟÓÉÎόȟᾀ , where όȟ is the imaginary part of the ὲth zero of the Dirichlet L-

function ὒίȟ…  В  with positive such part, and ὶȟ ϳ ȟ
 . ὢ  is defined 

similarly in regard to the zeros of ὒίȟ…   with negative imaginary part . Assuming LIH, the 

distribution  of ὣ is that of Ὀ determined by (1.8) with  the ὥ  taking (in pairs) the values of  

ÓÉÎ   which are greater than zero. The interɀresidue race result is thus Ὁρ for that series. 

ς ρ ὢ  is the distribution of difference in normalised deviation between squares and 

nonɀsquares, and Ὁρ for series (1.5) is then the square/non-square race result.  When ή ρ is 

not divisible by 4, a ȱÓÅÌÆ -  ÉÎÖÅÒÓÅȱ ὦ exists such that ὦ ρ ÍÏÄ ή. Then ‌ ή ρ ςϳ, and 

for the race of 1 against ὦȟ ή ή ρ ςϳ  and all ὥ ρ.  Both these cases are determined by 

real Dirichlet characters taking values ρ. 

Defining 

!Ȣσ        Ὑ ὥ Ὑ ȟ                 ×ÈÅÒÅ     Ὑ ȟ  ὶȟ       

the race variance, „ is ςὙ evaluated at ὔ π. An indication of the variation from normal of the 

race distribution is given by ὧ defined by (1.14) with (A.3), in particular by ὧ , at ὔ πȢ 

В ὥ ρ ςВ ÓÉÎ  
ϳ

 . In this sum, the terms form pairs summing to 1, with a 

single ½ when ή ρ is divisible by 4, and thus В ὥ ή ρ ςϳ , independent of ὦ.  For 

Ὧ ςȟВ ὥ  ρ ςВ ÓÉÎ ή ρ ςϳ
ϳ

 , equality only in the self ɀ inverse 

case. Accordingly, whenever the Ὑ ȟ  and hence individual series ὧ  differ little with   ά, the 

race distribution has ὧ  reduced below the series ὧ  by a factor of at least Ȣ 

Other races. Where all Dirichlet characters are real (ή ψȟρς ÏÒ ςτ , a series (1.8) again arises 

(with all ὥ ρ), ÔÈÏÕÇÈ ÔÈÅ ȰÂÉÁÓȱ ÉÎ !Ȣς  ÉÓ ς ÏÒ τ ÒÁÔÈÅÒ ÔÈÁÎ ρȟ ÔÈÕÓ ÒÅÑÕÉÒÉÎÇ ÃÁÌÃÕÌÁÔÉÏn of 

Ὁς or ὉτȢ Composite moduli also give series (1.8), though the determination of the ὥ is 

more complicated. 

Rubinstein ɀ Sarnak method applied to (1.8). The race result can be calculated using (2.4), with  

 Ὃ determined by (2.7) with Ὑ as (A.3), and ‫ 

!Ȣτ        Ὂ ‫ ὐςὥ ὶȟ ‫                 

For larger N , the number of zeros Ὗ is as given by (B.5) and varies little with ά . Thus for 

larger N the Ὑ ȟ all behave as in (1.18). Hence a result similar to (2.9) applies and results 

should be obtainable with small ὔ and ὑ, as discussed in Section 2 and shown in Table 3. 

,ÁÐÌÁÃÅȭÓ ÍÅÔÈÏÄ applied to (1.8). Here (3.5) is replaced by  

!Ȣυ        ὒί ÌÏÇὍςὥ ὶȟί ρ ὦὧȟ ὥὸ       




