APPLICATION OF AN IMPROVED REMAINDER TERM IN
THE CALCULATION GRESIDUE CLAS3STRIBUTIONS

COLIN MYERSCOUGH

ABSTRACT.AIl methods for calcuation of the distribution of primes in residue clas®s depend on the
combination of some initial terms dependingon zeta orL-function zeros with an approximation to the
remainder. This paper usesconcepts introduced by Fiorilli and Martin to develop a more accurate
remainder. Usingit, 2 OAET OOAET Al A e3tik&ds &é& Idmbding i lo§abitarhidA frequency of
“G , B asc¢®omTp m with only 5 zeta zeros used explicitly and a reliable value between
C®H ¢ ww Xpotg and ¢& ¢ w w @ XpoTo is obtained with fewer than 100 zeros.Accurate results for
OPOEI A 101 AAO OAAAOGO AAT ytheGitikerd df eadhAfurictibrOmv@vied thus x EOE 1 1
bringing out their dependence onthose zeros.For extreme deviations,, AD1 A A A § €an e Agplied A
and the remainder approximated by an explicit formulatogether with a rapidly convergent series. This
gives, for example, Y& T wp T for the logarithmic frequency of “ @ , B v, B®. A
development of the Monach- Lamzouri model of the extreme distribution agrees with these resultso
within a factor of 10. The remainder can also be calculated explicitlps an asymptoticseries. Thisallows
good modelling of nonrextreme races and also the calculation of distributiosby direct convolution. The
three different methods agree to within 0.001% where they overlap in application The distribution
calculated from values of* @ for @ p 1 shows similar behaviour to the limiting distribution, but is

somewhat further from normal.

1.INTRODUCTION

Definitions. Assuming the Riemann Hypothesisthe fluctuations in the normalised prime count
function:

Ca, B 1 TaC
a o

PP Ow “ W

m being the Mobius functionand Li the logarithmic integral, are given by

P& 0 a q i OEda — [/ Q]
Hered 1 Tad o is the positive imaginary part of the¢ th zero of the zeta function, and
o ﬁgéﬂmiomp@aﬁs ¢ BreA@RAI-O o

Littlewood [L1] established thatO eventually exceeds any valu®. Rubinstein and SarnakRS]
showed thatfor large @ ‘O ¢ may be considered as a random variabjsvith probability density

0 U ,and likelihoodO0 _ 0 0 Q&ef exceedingy. Thatis,
a8 o0 I1ER Qa &« & oATda oh Do =
p 0 o EE o o 0w o a U 0L a0
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exist, and are independent ofd . They made the first published calculation of O p , the
logarithmic density of such that* ¢ , Ko ,atbetweenc® p m andc¢& p T .

Assume that no rational linear combination of the 6 is zeroz OEA O, ET AAO )T AADPA
( UDIT OHIAHD.ETBed D U is the density of

p® O Q

where the’Q are independent random variables having the distributions of the values taken by
sine curves of amplitudex; 1 . Thedensity’ QU of Q isOAOD OEADPAAG g
p . .

PP QU —— Ds ¢i h mDds ¢ i
Tl V]

‘Ois symmetric about = 0, and its variance is

P¥ . G i

For the prime count distribution, , ¢ [ 1 11C emit op wp(ypMAET C %01 A0S
constant), so that its standard deviation/ is about 0.2149

I O0O0I ET ¢ OEA O' AT AOAI EOGAA 2EAT ATT (UDPI OEAGEOGS Al
T 01 AAO O Aecksquare dnd idmsquare residueswith modulo fj an odd prime or equal

to 4, are givenby ‘O p , where O is determined by (1.5) with i the zeros of the appropriate

Dirichlet L-function. For wider categories of interresidue race,results are givenby O p , orin
somecasesO ¢ for & p, whereOis determined by

p& O @ Qp

The O x A E QE @l&éto Dirichlet charactersiae B ¢,  p,otherwise 1 @&  p. The
‘Q , relate as above to zeros of the correspondingfunctions, the’Q ; being the'Q in (1.5) for

the square/non-square race.Feuerverger and Martin[FEM] set the theory of this out in detail.
The main discussion of this pagr is of the single series (1.5)but Appendix A summarises how
it can be generalised to (1.8), and some results from this are presented.

The remainder term. All calculations of 0 0 andO U depend on combining the exact effect of
0 initial terms of (1.5) or (1.8) with an approximation for the effect of the remainderz that is

P& 0O 6 0O xEAOM Q hoO 0 8
The density"O 0 of 6 is given by repeated conviution:
pp T OUL O v vV QULU D

with "Qas in (1.6), andO "Q Then



pHpP 0O 0L OO0 0

where

PG t ¢ T

EO OEA O mAdfOAN & thd dénsity ofO 8

Purpose of this paper.This is to obtain much more accurateexpressions for 'O than have
generally been employed in previous workby methods which build on the approach of Fiorilli
and Martin [AM]. Thesecan be applied to much speed computationsf0 0 andO U :

1 For 0 up to 1 or somewhat larger, using Fourier transformg the method of Rubinstein
and Sarnak[RS] Accuratevalues of 0 and 'O are obtained with § v, rather than
needing a much largend asis the case with aess accurate’O. With 0  p 11 Jresults
can be calculated to withinthe accuracy of computation, here aboyt 1 (Section 2);

1 For larger valuesof 0 from 1 up to 10 or more,using Laplace transforms taogive at least
4 figure accuracyz for example, a calculation with0 p @ T gitesOp pe UH T W
p Tt for the prime count distribution. These @lculations support a development of
the modelling methods of Monach [MOJand Lamzouri [LA] to give higher accuracy
(Section 3 and AppendiesCto F); and

1 For the whole range ofb up to about 5, by numerical convolution of théQ with an
explicit expression for"O 0 8This involves more conputation than using transforms
but delivers the whole distribution in one calculation, and provides alternative
derivations of some results on prime mmber races. (Section 4 and AppenkiG).

FIGUREL. PRIME COUNT DENSITY

2.0
——From actual values
/\ —. T O Al OOA AA
1.0

0.5

0.0 o I T T T T T T T T T T T T T T T T T T T T T T T T T T I LB

-0.75 -0.50 -0.25 0.00 v 025 0.50 0.75

The near normal distribution. For the prime count function distribution, Figure 1 compares
with normal a histogram of O a (in steps of 0.05) for some 35,000 values af spaced at
interval 0.001 between 11.513 and 46.051¢ p O p 1 : values obtained by interpolation



from the tables of Kulsha [K]) In the range s T1@& for which calculated values ofO are
meaningful, their density is slightly lower than normal in the centre, slightly higher at 1- 2
standard deviations, and lower further out. 2 OAET OOAET AT A 3indiodieda O AAIl A
beyond this range the density continues lower than normal. (A norral distribution would give
Op e p® 1 p 1 ). The difference from normal arises because thé€Q extend over different
ranges ¢ 1 ,as well as because th& 0 are far from normal. The proportionate variation of

i with € diminishes as¢ increases. Thus'O should tend to normal form as U0 increases.The
same appliesvheny  p, though thend 0 can be further from normal.

Quantification of deviation from normal.Considerthe even momentsof ‘O
po O I EL TOEda — 0@

By LIH, only products containing even numbers of sines of identical will contribute to 0 . In
Appendix DO is shown to exist and to bendependent o ¢eéthough note convergence is not
uniform in Q8Set

T Y i nd Al
P Y

and also0 ¢'QAY j @\, which from (C.1) is the ¢"® moment of a normal distribution
having the same varianc&'Y as’O .(Here, and throughout this paper, the dependence ain of
'Y , @ and quantities derived from them is implicit, to reduce notational complexity. Then

o0 Cc® 0 . 00 U p@
— — = p oW — — —
¢ o 0 T o T

N e

0 0 0
PP 5 Y FID Y

(see[LE] for further discussion); and it is shown in Appendix Dthat
0 00 . e scza o s o A 4
PP @ 5 p %m Pl A0 BOT ADAOO

Thus theratios & reflect the difference of'O from normal form.

For large ) the density of zeta or L-function zeroswith magnitude of imaginary part near "Yis
approximately I T €Y ¢* j ¢*, where the positive integerr)” 1} can depend on the function;

N~ nwhennis an oddprime or equal to 4.In Appendix B this is used tajive approximations
for'Y ,® , andt. Setting:

.0 o) . . Qo B
B 6 —> na Il%na

tbpjc*Qpﬁ

C @ p
(sothatc” (jo &® pAO O Hy), thenforQ ¢:
o O p. . ¢ O po @ Q 0w p
Y = = -

The proportionate errors in these estimates ofratios ®j & decrease faster tharpj 0 h(and
faster than the proportionate error in defining & by (1.18): approximations G ———— are



not particularly accurate) and increase withQno faster than'Q. Thus moment ratios0 j 0
approach unity with increasing 0 (though not uniformly in Q. This suggests that'O 0

expressed as a functiomf & 0] ¢'Y tendsto normal form M—_'Q I as{ increases (though

the approach will not be uniformin 0, since largero influence higher moment ratios). lIts
deviation from normal is principally determined by & 8This is confirmed in Section 4.

Also for largeN
I ToCl ToC . . I 7¢

where the constantt depends largely on the exact values dhe initial zeros, particularly 6 :
t e 0.50309 for the prime count distribution and -0.0836, -0.1224, and-0.2103 respectively
for square/non-square races withg Tk AT A&

Table 1shows some of these quantities, and also of others defined later, fthe prime count
distribution at values of0 used in this paper. AppendixB describes how these weresalculated.

TABLEL. PARAMETERS FOR CALCULATIONS OF PRIME COUNT DENSITY

L ) rms error in (1._18) % ;
v t ® <Y @ (see AppendixB) | ee2.8))
Wj w Wj W

0 | 0.000 0.214922 | 0.069553
5| 0.443 | 1.657 | 0.156432 | 0.016210 | -1.4266 -3.6309 6.67
10 | 0.673 | 2.070 | 0.138279 | 0.010223 | -0.3021 -0.6806 8.59
25 | 1.100 | 2.649 | 0.113447 | 0.005140 | -0.2179 -0.5705 12.38
50 | 1.530 | 3.126 | 0.095433 | 0.002938 | -0.0689 -0.1779 16.58
100 | 2.062 | 3.628 | 0.078878 | 0.001635 | -0.0046 -0.0109 22.46
250 | 2.934 | 4.317 | 0.059908 | 0.000730 | -0.0060 -0.0146 33.98
400 | 3.459 | 4.684 | 0.051566 | 0.000478 | -0.0033 -0.0082 42.20
800 | 4.334 | 5.239 | 0.040948 | 0.000253 | -0.0009 -0.0020 58.32
1500 | 5.234 | 5.753 | 0.032939 | 0.000141 | -0.0002 -0.0005 78.48
3000 | 6.347 | 6.332 | 0.025699 | 0.000073 | -0.0002 -0.0004 109.20
6000 | 7.589 | 6.921 | 0.019901 | 0.000038 0.0000 | -0.0001 152.34
10000 | 8.587 | 7.360 | 0.016413 | 0.000023 0.0000 0.0000 194.95
16000 | 9.569 | 7.768 | 0.013708 | 0.000015 0.0000 0.0000 244.81

2. APPLICATION OF IMPROVED REMAINDERRUBINSTEINANDS 2. ! +863 - %4 (/ $

Summary of method The Fourier transformof Q0  OOET ¢ AT COI ASO AOANOAT AU
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a Bessel function. Thus "O ] B 0 ¢ ] and "O ] = 0 ¢ 1]
Multi plying the series for the Bessel functions and keeping terms tp  gives (4.15) of [RS].
071 ep Y] Yj¢ ‘Yjt]l in the notation of this paper (soincluding the first
three terms of the series for A@DY] , which is the Fourier transform of the normal
distribution variancec'yY ).

Then 07 "O] 'O .The Poisson summatiorformula applied to the function 0 0  Uee

v

gives, for anypositive real ¥ :

& oo«;— f— Gav o Y f— G4y Al OV

since0 1 is symmetric. ¥ then needs to be small enoughhat for & 1o 0 ¢“ Y s
negligible through the range ofv of interest. The sumon the right hand side of (2.2 is limited
to Y s< C,where Cis such that0 1 is negligiblefor 5 > C Then:
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Rubinstein and Sarnakbound the neglectedd 0 ¢“ pY terms using upper bounds ond U
derived by Montgomery [MG]((4.8) of [RS]), and the neglected) 7 terms using bounds on
0 ¢ 1] ((4.9) of [RS]; note neither (4.8) nor (4.9) depends on the form of the remiader).
To assure sufficient accuracyfor 1 p they choose ¥ = 1/20, C= 50, and N = 120000
(6 e Y Y p)uFar larger A, they and other authors useN of order 10000 and leave out the
term in "O . Thus calculations involve very large numérs ofterms, each requiring calculation of
aBessel function.

More accurateremainder. 'O 1 can be evaluateds follows, building onthe approach in[FIM].
Since OV L p B ——— , is absolutely convergent, 17T ¢ Vo may be
expanded as a power series i for the rangev  'Q where Qare the zeros of 0 WO :

Ve p& MHR e oo 11 detic..So
® 11T ¢ Vo ®0

where some algebragives® pjchd pip g pixcho ppomxhd pop wg T
Sncel WO B p — nhaking logarithms and expanding

@ @
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This shows thatall & are positive, and for larger ‘Qallows accurate values to b obtained by
summing few terms the estimate @ e pj (X2 improves faster than QG Q ™ W,
having error about 4.5% atQ ¢, 0.06% atQ @.

When (2.5) is valid for all terms in the exponent

< "0 Aob 1T ¢c¢ i Aob ¢ wi ]
AZD ¢ @'Y Agb oot

where t ¢'Y1 , and as (1.13 implies, ® p. ((2.7) is equivalent to Proposition (2.12) of

[FIM].) Since thei decrease with €, the conditon of validity is ¢i ] Qor t

Q Yiji .Using (1.17) and (1.19, this is satisfied ifsfs ¢ ,where
.. W plo
e Y]

For the prime count distribution, values oft are given in Table 1.For large 0, ¢ x QM0
irrespective of 18 From (2.6), (1.17) and (1.18), @ @ j®® O pjt from below.
Hencests ¢ is the condition that theseriesB G T converges (2.7) shows how™O T
as a function of z tends to normal variance 1 (multiplied by ¢* as 0 © Hb, though not
uniformly. Alsofor sts ¢

] - . Dot
& O 1] Aob wwt P04
since that proportionate error is given byassuming®d @ j®® pjt for'Q 0.
Whensts ¢ ,70 7] "O1 b O ¢ 11 ,where(ais the smallest integer such that

[ . Q"0 1 is given by an expression of form (2.7) where the series is approaching
divergence, and hence will berery small. The Bessel functions in the producthave argument

greater than the firstzero, henceeachis of magnitude less than 0.41S00 7 will alsobevery
small.

Computationsof prime countdistribution . Using smalll and 0, (2.9) can be used with(2.3) and
(2.4) to calculated 0 and'O U . Table 2 sets out complete calculation of A1) to 5 significant
figures (p T ), using ¥ “jchso that half the terms in (2.4) arezero. Quantities are
displayed to fewerdigits than calculated. The maximum error estimated by (2.9) in individual
terms of (2.4) is less thanp Tt . Figure 2 shows how sums (2.3) fo) 0 up to the value ofa
indicated (in this case including both even and oddi) become accurate for largerv as &
increases.

Two factors add to the savings in computation arising from smallef 8] can be considerably
larger than (4.8) of [RS] suggsts, if it is assumed that the neglected values af 0 ¢* Y
are all less than those calculated by assuming the distribution were normal. Thus @t phf



N

¢ the largest neglected term i) Osefor Lae *

vd p Tt
T® p 1 . The assumption is validted in Section 3 Also, smaller values foré can be
employed than (4.9) of [RS] indicates, because dapproachest , andthe proportionate error in
1 as given by (2.9) increases, the value 6D 7
benefit the other computations described in this Sectionall of whichhave been repeated with
different & andy , with identical results to the givenaccuracy.

0

, and by the methods of Sections 3 or 4 can be calculated exactly as about

TABLEZ2. CALCULATIONOIO p WITHN = 5,K =7, Y =

p.0

“ p EAO

OfT T Oiakoltd

becomes very small. These factors also

“j ¢

T

Q

Q

Q

Q

qQ

Q Q

Sum forO p

0.25000000000

1.571

0.037

0.9877

0.9944

0.9961

0.9973

0.9977

0.9735 |0.9703

-0.05066067594

4.712

0.110

0.8920

0.9504

0.9648

0.9762

0.9796

0.7822(0.7618

0.01256921934

7.854

0.183

0.7146

0.8653

0.9038

0.9345

0.9439

0.49300.4690

-0.00215114117

10.996

0.257

0.4810

0.7447

0.8159

0.8736

0.8916

0.227710.2257

0.00018592266

O (N[O W|F

14.137

0.330

0.2244

0.5966

0.7052

0.7955

0.8241

0.0619|0.0845

0.00000085594

11

17.279

0.403

-0.0198

0.4306

0.5769

0.7026

0.7432

-0.0026 |0.0245

-0.00000096511

13

20.420

0.477

-0.2196

0.2573

0.4368

0.5979

0.6511

-0.0096 [0.0054

0.00000031044

15

23.561

0.550

-0.3511

0.0877

0.2913

0.4845

0.5502

-0.0024 {0.0009

0.00000026436

17

26.704

0.623

-0.4021

-0.0680

0.1468

0.3661

0.4432

0.0007|0.0001

0.00000026298

19

29.845

0.697

-0.3737

-0.2006

0.0098

0.2461

0.3329

0.0001 |0.0000

0.00000026299

21

32.987

0.770

-0.2791

-0.3030

-0.1142

0.1282

0.2222

-0.0003 |0.0000

0.00000026300

23

36.128

0.843

-0.1414

-0.3705

-0.2199

0.0158

0.1139

0.0000|0.0000

0.00000026300
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FIGURE2. % DFFERENCES FROM U OF SUM T@ TERMS
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With a few more terms (C = 50), contributionsto (2.4) fall below prt

p 1 , the approximate accuracy of computation, of ¢& ¢ ww @ X @ g Twere obtained for

.Values ofO p within
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in accuracy betweeni and 0 reflects the fact that with larger0 , the terms contributing to (2.4)
have lower values of T/ , and hence (2.7) converges more quicklyChangesin data used
within its known accuracy have effects no larger than ordep 1t . Bessel function calculatios
(from the power series) have also been checked to be of sufficient accuracyt can be stated
with some confidence thatfor the prime count distribution :

PN Dqwwexpm Op (&G Ww XPOTo

Prime number races Table 3gives some results ofpplying (2.4) and (2.9) to (1.5 with 1 p,
or to (1.8) as described in Appendix A.The races with r} prime or equal to 4 were calculated
with ¥ pj ¢, , that iswith step ¥2in,] ,, being the standard deviation of the disribution

(see (A.3)). This should limit the Poisson sumerror to less thanQ 7 p 1t ;andthe
successive terms in (2.4)are of orderp 1 by ,] @38 Results to 7 decimal placesanthus be
obtained by summing about 12 termsm (2.4) with the values ofN and K given. As before, there

EO A OOOAAA | AmBandK Addded td hchidbd\d parficllar hcéracy.eRults can

be obtained to within the accuracy of computation or data, for example 0.004072076720775 for

the Mod4 race withN =50, K= 5.

Two cases fom]  Yare also given: the race between 1 and 3 requires calculation©fg , whilst
the method for the three way race follows that set out in Feuerverger and Martin 200@ood
results are obtained with smallN and K and %1 I,

TABLE3. FRIME NUMBER RACEESULTS

N |Description of race e Y OO0 N K result

4 |1leads 3 1 |0.1556| 0.1517 3 5 | 0.0040721
5 |square leads 1 |0.1566| 0.1161 3 5 | 0.0045774
5 [lleads2or3 3 [0.3598| 0.0571 1 5 | 0.0478254
7 |square leads 1 |0.2552| 0.1871 3 5 |0.0217412
7 |lleads3or5 5 |0.7510| 0.0493 1 4 | 0.1255461
7 |lleads 6 3 10.9328| 0.1316 1 4 | 0.1547904
8 |lleads 3 2 |0.6253| 0.1926 2 5 | 0.0004312
8 |order7,1,5 3 5 3 | 0.0024769
13 |square leads 1 |0.3967| 0.2741 3 5 | 0.0556810
13 |1leads 6 orll 11 | 2.7458 | 0.0427 1 4 | 0.2745797
13 |1leads5or8 9 |3.3070| 0.1022 1 3 | 0.2953206
13 |1lleads2or7 11 | 4.1552| 0.2020 1 3 | 0.3211909

For inter-residue raceswith prime modulus, good results can be obtained withv= 1, thus using
only the smallestL-function zeros explicitly. As discussed in Appendix Ahis is because:

a) The combination of series in (1.8)brings the race distribution closer to normal,
reducing the value of ®, although with larger i low first zeros of O-functions can
make some individual series distributions, including hat for squares against non
squares, tirther and further from normal;



b) Although first zeros have high variability, even the second zeros show much less
variability. This makes"O already close to normal and a accurate approximation to
the remainder, and reduces its variation amongst races. For example, with p @
first zero is near 0.88, givingc e @ Tfor this component series.In (1.8), & for
this zero is near 0.07, 0.5 and 0.93 in the 3 races arldis variation accounts for
almost all the differences in, and @ shown. However, for the 3 racesO has
variance between 0.642 and 0.655 and between 0.0118 and 0.0131Whenever
the zeros do not vary greatly withd the ¢ for a sum(1.8) will be reduced below

individual series & by a factor of at least — ;and

c) As variance increases the result becomes less extreme and approximations more
accurates

FIGURE3. MobuLo43 z RACESL VS. OTHER RESIDUES
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Residues 2,22 | 3,29 | 5,26 | 7,37 | 8,27 | 12,18 | 19,34 | 20,28 | 30,33 | 32,39 | 42
e 39 41 41 35 39 41 41 41 41 39 21
i 35.9214(38.6066|34.9265|35.1331(32.1686|29.5968|32.0751|29.7294|28.5452|28.5104|42.8324
&) .044043|.068273|.057863|.064573(.062916|.044231|.063384(.041362|.041514|.036787|.074232
Exact |.434310(.436955|.433581|.433880|.430929|.427727|.430872|.427830|.426376|.426252|.440176
Normal (.433744|.436070|.432816|.433012|.430024|.427080(.429923|.427241|.425764|.425719|.439279
. (FM) |35.5463|38.3969|35.0279|36.1554(30.9422|28.2683|31.5226|28.2683|28.2683(28.7231|42.8243

(4.6) |.434294|.436891|.433549|.433827|.430854|.427688|.430760|.427808|.426345|.426235|.440128

Asn increases further, it is not even necessary to take explicit account of all initial zerosnly of
the smallest. Withr) 1 ¢ ae 1 p, explicitly representing only the 7 zeros with imaginary
parts magnitude less than 1 (the smallest being about 0.138) arll= 3 gives race results to 6
decimal places,as€®@ 1 OO0 AAI 1 x &E C O ®thesenonetreme rabs @lfhdsCad
of the wvariation in result with residue class arises rhom changes in , ;
the correlation between the exact result and its value for a normal distribution with variance
O1T x O. 1 Ol AlFiure 3Eh0ws m@vwakmaspalivariation amongst racesn,, (and in
& which has correlation 0.79 with,, ) is driven by thevarying ¢ for 6 first zeros, represented
by red, green, blue, orange, violet and oliveSuch dependence has been commente by Bays
et al [BHFR].(The other first zero explicitly represented is of theL-<function determining the

10



square/non-square distribution. This distribution has @ e & wand its density is so far from
T1T 01 Al AO O1 AA BeowiFiGubel 3dre disGrésaltd ffom otBer approximations,
considered in Section 4.

Thus generally, but particularly for inter-residue races with large modulus, at moderate values
of 00 U and OV are determined by the exact values of quite few initial zeros, anthe
collective behaviour of zeros as expressedy quite few 'Y 8 As noted in AppendixB, it is
possible to calculateY without using the values of6 foré 0.

Limitations of the Rubinstein-Sarnak method Using (2.7) in this method speeds calculation and
probably improves accuracy, since the result is a combination of feweaquantities; obtaining
(2.10) requires fewer than 2000 Bessel functionsto be calculated However, (2.3) and (2.4)
expressO U and'O U , however small, as the diference of quantities of order 0.25as Table 2
demonstrates. In these and other normalprecision computations, thdr accuracy cartherefore
be no better than thatof computation with these quantities, typicallyaround p 1 . A different
method is needtd for more extreme results.

3.APPLICATIONOE! 0, ! # %063 - %4 (/ $

Description of the method As already noted, dr 1  p, Montgomery ([MG]: note hisi isi

here) established (widely separated) upper and lower bounds onOU0 of the form

A @D @' ) for suitable ¢BThis confirms what is seen for smallep ; as U increases0 U

and'O 0 decay at a rate which itself increases. These are the conditiossited to, AT AAAS O
i AGET A I OE Gd ARG ARO Bor 1dgh i0,Ahk TaPldce tansform

oP 0 i Q00 QU

is increasingly determined by the integral of anear normal curve centred at a point w near
where the logarithmic decrement of0 passesi. f 0 i can ke evaluated, it should be possible to
estimatewand U & as functions of i, and hencedo determine their relationship.

Calculation of the Laplace transform Paralleling (2.1), and notating as (3.1),the Laplace
transform

0 QU — —
o i ? — ? Ag®i] AT-6Q— ™O¢ i1 h
_ Tl U

a Bessel fundbn of imaginary argument.Properties of these functions, summarised in Appendix
C,are important in both theory and computation described in this paperfFor any N,

() O i @ i Oc¢ i i 8

where paralleling the derivation of (2.7), and definingt as in (2.8),for 0 cYi ¢
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(Appendix D gives an alternative derivation of (3.4), which confirms the existence of d i )
Thus the logarithm of thetransformed density is given by

o®) Oi 1 10d I iae 1 P WWo 8

The value ofi corresponding to a particular 0 increasesrapidly with 0, as doed) i . To obtain
values of0 and'Oto a particular accuracy, say 0.01%, requires evaluation ofA T #\i , however
large, to a constant absolute accuracy, in this caseather better than 0.0001. Therefore
B p OwO must be calculated to higher anchigher proportionate accuracy.To avoid
unnecessarily large values of 0 , it is desirable to use values otft which are significant
fractions of 1. The approximation B p ®wo6 would then need large 0. However,
summation can be acceleratedThe approximation (1.18) for & in terms of & haserror which
decreases rapidly with & and increases with ‘Qno faster than 'Q (see Appendix B. The
proportionate error in the approximation @ e pj Q0 reduces faster than T w
Therefore the series

® pj CQ p
NCQ p 0 p™t

o Y 0O p KX

will convergemore quickly than T® © jt+ ) and can be approximated by a few terms. Then

o P OWO Yo "Yoh xEAOA

P ® picQ p o

"YO — =
o8 QcQ p 0w p ™t
P O Cw p wp C
©w p cQ p Q ¢Q p
¢ . A CRAT 1 T @ "y y A QM QO
% o0 w p CACAA < q 5

where Y Oft . Values of0 i and its derivatives, as required belowmay be calculated for
suitable 0 using (3.5), (3.7), (3.9 and 8 terms of (3.9, together with the formulae for their

derivatives." O w and'Ow "O w can be calculated tdl part in p 1t using (C.2) and (C.3), and
higher derivatives obtained using (C.§. The integral of inverse tangent in (3.3 can be
calculatedby integrating the polynomial approximation (4.4.49) in[AS.

Calculation of | o and o from the Laplace transfem.! DDAT AEG % OAOO 1 00
in detail. For any value of for which 0 i and its derivatives are known,jt obtains estimates for
0 ® and'O ® where

oo o i 0 i

12
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TaABLE4. REsuLTS FROM! 0,

I # %06 3

%4 (/$

Mg™ v

Prime countdistribution

Mod 4 square/non-square

Mod 7 square/non-square

Mod 13 square/non-square

Mod 7,1vs.30r5

)

1 To y b |VY T ¥y p |V Tia ¥y p |V i |Y p |Y 1 ¥ b |y

1.0| 2.51 -15.1511 |-0.219 |1.83 -5.5040 |-1.090 | 0.23 -3.8328 |-1.625 | 0.34 -2.9176 | -3.407 | 0.14

1.5| 3.07 -35.9677 [-0.091 [1.91 | -11.4827 |-0.482 | 0.08 -7.4217 [-1.149 | 0.18 -5.2734 | -1.982 |-0.08

2.0| 3.54 -72.1428 |-0.045 |1.97 | -21.5027 |-0.221 |-0.06 | -13.3272 |-0.458 | 0.04 -9.0697 | -0.726 |-0.27 | -4.6055 |-0.108 |1.77
25| 3.96| -130.1514 |-0.025|2.00| -37.2592(-0.115|-0.19| -22.5157 |-0.231 [-0.09 | -14.8341|-0.417 |-0.45| -6.4028 |-0.151 |1.73
3.0| 4.34| -218.2738|-0.015(2.03| -60.9113(-0.066 |-0.31| -36.2276 |-0.129 [-0.21 | -23.2943|-0.236 |-0.62 | -8.6169 |-0.209 |1.68
35| 4.69| -346.9825|-0.010 |2.05| -95.1814 |-0.040|-0.43| -56.0264 [-0.077 [-0.32| -35.3599 |-0.138 |-0.77 | -11.3013 |-0.244 |1.64
40| 5.01| -529.3893(-0.006 [2.06 | -143.4698 |-0.026 |-0.54 | -83.8639 |-0.049 |-0.43 | -52.1624 |-0.087 |-0.92 | -14.5144 (-0.239 [1.59
45| 532 | -781.7636 |-0.004 [2.08 | -209.9886 |-0.018 |-0.64 | -122.1566 |-0.032 |-0.54 | -75.0992 | -0.057 |-1.07 | -18.3185 |-0.205 |1.54
5.0 | 5.60 | -1124.1332 |-0.003 [2.09 | -299.9155 |-0.012 |-0.75 | -173.8739 |-0.022 [-0.64 | -105.8832 |-0.039 |-1.20 | -22.7800 |-0.164 |1.50
5.5| 5.88 | -1580.9784 |-0.002 |2.09 | -419.5716 |-0.009 |-0.84 | -242.6404 |-0.016 [-0.74 | -146.6006 |-0.027 |-1.33 | -27.9695 |-0.128 |1.46
6.0 | 6.14 | -2182.0308 |-0.002 |2.10 | -576.6257 |-0.006 |-0.94 | -332.8527 |-0.011 [-0.83 | -199.7766 | -0.020 |-1.46 | -33.9624 |-0.101 |1.42
6.5| 6.39 | -2963.1926 |-0.001 [2.11 | -780.3300 |-0.005 |-1.03 | -449.8143 -0.008 [-0.92 | -268.4518 |-0.015 |-1.58 | -40.8393 |-0.082 |1.38
7.0| 6.63| -3967.5898 |-0.001 |2.11 |-1041.7884 |-0.004 |-1.12 | -599.8896 |-0.006 [-1.01 | -356.2690 | -0.011 |-1.70 | -48.6867 |-0.068 |1.34
75| 6.86| -5246.7766 |-0.001 |2.11 |-1374.2653 |-0.003 |-1.20 | -790.6805 |-0.005 |-1.10 | -467.5724 |-0.008 |-1.81 | -57.5969 |-0.058 |1.31
8.0| 7.09| -6862.1110 |-0.001 |2.12 |-1793.5359 |-0.002 |-1.28 |-1031.2272 |-0.004 |-1.18 | -607.5209 | -0.006 |-1.92 | -67.6691 |-0.050 |1.27
8.5| 7.31 | -8886.3200 | 0.000 |2.12 |-2318.2868 |-0.002 |-1.36 |-1332.2374 |-0.003 |[-1.26 | -782.2170 |-0.005 |-2.03 | -79.0088 |-0.043 |1.23
9.0 | 7.52 |-11405.2800 | 0.000 [2.12 |-2970.5695 |-0.001 |-1.44 |-1706.3463 |-0.002 |-1.34 | -998.8531 |-0.004 |-2.13 | -91.7288 |-0.037 |1.20
9.5| 7.73|-14520.0358 | 0.000 |2.12 |-3776.3165 |-0.001 |-1.52 |-2168.4118 |-0.002 |-1.42 | -1265.8767 | -0.003 |-2.24 |-105.9495 |-0.032 |1.17
10.0 | 7.93(-18349.0874 | 0.000 |2.12 [-4765.9238 |-0.001 |-1.60 |-2735.8482 [-0.001 |-1.49 |-1593.1788 | -0.002 |-2.34 |-121.7989 |-0.028 [1.13
10.5 | 8.12 |-23030.9749 | 0.000 |2.13 |-5974.9105 |-0.001 |-1.67 |-3429.0042 |-0.001 |-1.56 | -1992.3049 | -0.002 |-2.43 |-139.4131 |-0.024 |1.10
11.0 | 8.31(-28727.1968 | 0.000 |2.13 (-7444.6626 |-0.001 |-1.74 |-4271.5880 [-0.001 |-1.64 |-2476.6945 | -0.002 |-2.53 |-158.9371 |-0.021 |1.07

—)

y
y

1'QQL is calculated to third order in |l as described in Appendix E.
p = difference betweenO 0 as thus calculated and th simpler calculation using (3.12) and (3.1 (thus = p 1t difference inl T'QQ) )
= difference betweenl 1'OQ) asthus calculatedand estimateusing (3.12) and (3.14).
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The value ofi such thatw i U can be obtained from an initial estimatd by iteration. This
converges to the accuracy of computation in a few steps:

) ) L, Qi 0 O
op i U Wi 0 i 5
The estimates ofd 0 and'O U then arise from asymptotic series, expressions for the terms of
which become complicated. Verification of accuracy is through a small differencesang from
the last terms included. Appendix E describes calculations to third order in the parameter

, 0
pp i e——7
0 i

which drives successive corrections. These calculations require derivatives @ip to the fifth. A
simpler calculation, valid to first order in Il , uses derivatives to the third and effectively assumes
that the contributions to (3.1) deviate from a normal distribution only through skewness
(determined by II). It gives, for largei determined by (3.9) and (3.10):

opc 1 10Q edi {0171 Cg“0 i

o 0ad) 0 i
(o J— e i
0OV = n
cO i
o 00 ) 0 P
T o el R
Oov ) cO i | Ueeee

Table 4 sets out results for0 p p for the prime count distribution, for square/non-square
races modulo 4, 7 and 13, and for the race of residue 1 agaiBsbr 5 modulo 7, for which (3.9
is replaced by (A.9, involving 5 series. The met extreme results calculated correspond to the
logarithmic density of “ & , Eo v, B0 (estimated at Y& T wp ™ ) and to the
OAOOI 00 1T &£# OEA OAAARAOG CIEITC OACAET OO OEA OOAT Ad
calculations are as fdbws:
a) For each U, alculations were done with two values of 0 , differing by a factor of about
2. The aim was to keep the differencey between values ofi 1'GQ0 thereby obtained
less thanu p T 8This corresponded to keepingoft lessthan abou 0.6, and the last
term of (3.6) used (Q= 8) less thanp Tt 80ncel reached avalue wher&/ v p T ,a
new higher value of0 was selected, the higher value becoming the lower and the lower
being discarded. This reducedy to prt or less and confirmed accuracy up to each
changeover. For the primecount distribution, calculations thus began by comparing
0 v mwith 0 ¢ vand concluded by comparingg p ¢ mmwith 0 p 7 m.7tThe
races required smaller0 z up to 3000 for modulo 4,up to 100 for each series for the
inter z residue race.
b) (3.9) with (3.5) represents 0 as the sum of contributions from thel initial terms and the
remainder. Typically the remainder contributes about 30% of smallep , falling to 20%
of larger U; and the total contribution of initial terms is 70 z 90% of their maximum

possible total contribution, + ¢ B‘s’ 0 i:. Thus typically a value ofy is needed such

that + T@W8The smaller 0 needed for races than for the prime count distribution
reflects the fact thatt is larger for a particular( 8
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c) The accurate calculation of the remainderB p W®O is very necessary for large
0 . Even omitting the first term (corresponding to a normal distribution) it can contribue
several hundred tol TQQV .

d) The correction (shown as a percentage in Table }from using the full procedure of
Appendix E rather than (312) and (3.14) diminishes asv increases (It will be seen later
that the results obtainedusing the full procedure for smaller 0, where corrections can
be significant, accord closely with other calculations).

All this gives high confidence, though not rigorous proof, that the calculated values lofi ‘GQU
are accurate top ™ , andO U therefore acarate to 0.01%.

Theoretical model of behaviour of logarithmic density for large o. Appendix F describes how
, ADT AAA8 O 1 A OE ithBoreficAlly, asXidst sét Bubby E1AnAciMON] and developed
recently by Lamzouri[LA]. Effectively( is set & ¢i . A first approximation to the behaviour of

I TOQ) , which is of orderi I Ti Chas error of order i . For prime count or square/nonsquare
distributions this gives- T T AAEG O OAOOI 04

N e o, . .
a®u 1 10CH* cr,] AR L b

where 0 e T8t Y wdsodefined by (F.5. Using (1.19), error can be reducedto order
I TPCUg* U giving

op @ 1 T0C %A @BcL O 0 Vc* v

whered 0 + @® 06 ¢ ,0e mrioo @ wd dne defined by (F.9,+ is defined by
(1.19),andd o 1 1r“ e p& o1 @ In@The corresponding formulafor inter -residue
races is at (F.16).From (3.14), 1 T0Q0 1 TG x 1 TiCso (3.15) and (3.16) also give

I TOQ to the stated accuracies

Table 4 shows that (3.16) gives resultsdiffering from calculated valuesby about 2. This is of

order 1 Ti G and is low in the context of values approaching-30000 for the prime count

distribution , though corresponding to a factor of order 10 differencdrom the calculatedO p p.

The errors are systematic, suggestinghat further improvements in accuracymay be possible.
This has not been pursuedsince (3.16 is sufficient to explain major aspecs of behaviour,

discussed in Section 5also, uncertainties in the estimates ot made from the data on zeros
available could change thequoted differences from calculated valuesby up to 0.2z 0.3 at

0 p B(3.15) under-estimates’O p p by a factor d order p 1

The analysis of Appendix Rlsoconfirms assumptions made aboull and other parameters used
in the calculations of Appendix Esee ((F.14)).

Comparison with normal distribution. This can be made using the results of Appendix F, busal
more directly. From (3.9) and (C4),fori 1

(bi p Q. T oyt i =1 ‘—"p . u
ofﬁ)xi—i— aill@Cll CllEIlhl— ch,—
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where 'Y and t are evaluated for0 such thati pj i i or 6 X i . Therefore, from

(1.18) and (1.19), @i ji © mmasi © HBAIso,wi ji B ¢ 181 , .Therefore, for
any0 T takes a value/argerthan that of 0j , which would apply were 0 0 normal (and
then0i , i jc¢). Thebasisi £ , APl AAAS O—i ROQEI Al fdE @rgeQEahd

(F.14) and (F.15 confirm this. Accordingly, oncev is large enough thathe method is effective
0 0 will diminish with 0 more rapidly than does a normal distribution. This has been used to
support the calculations in Section 2.

4, EXPLICIT FORMULA FOR THE REMAINDBRRECT CONVOLUTION

2APOAOGAT OAGETT 1T £ , APl AW&AGW (F3A &ehlinkial EAOT O DA
contribution represents the average value o2 contributingto 0 @i . AsU increasesthe
contribution as aproportion of maximum possible valuec i approaches 1, and a largeb is
needed to deliver the total contribution. For the prime number distribution, at b p the
averagevalue of Q is 87% of maximum; atb p gt is 99.97% of maximum, whilst the average

value of Q is 64% of maximum.

, ADP1 AAAGO 1 ACET A AEEAAOCEOAI U AOAI OAOGAO OEAOA A0/
use of the fact that for signifiant 0 0 , the distribution of B ‘Q is not far from normal,

though the individual "Q 0 as given by (1.6) are very far from normal. Figure 4 shows this

happening even for'O 0 with 6 O AT 1 8 , APl AlésA &cCurate A D& diskibutib

being evaluated is further fran normal (as is shown in Table 4square-non square races for

larger 1) have larger differencesy between first and third order results)

FIGURE4A. APPROACH OFO U TO NORMAL FORM

0.00 0.05 0.10 0.15 0.20 v 0.25 0.30 0.35 0.40

An expression forqu o . This can be derived by setting
QoQ !

T O U
® ™Y

x EA®AN CY
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Thus™Q 0o describes the deviation ofO 0 from normal form. From (3.4), foro

. 0 0O
Aopb P OWO & VL AGh—
¢Y cY
be p O . o . Qb |
Ouv Aghb— - — o —Q — Mo o0Q '™
TY c C'Y c |/|C“
Thus
18 Agb P O®O é Mo 600 W
Mc“
. o] Q Q
e, J - 3} N 3\ _“ Y
e Q Aoy QoW AQ!%,Q‘) Q 0

using (C.1); s inverting the operational series:

DY

& NORN) —A@D P DKO

This brief derivation skirts over issues of validity Further discussionin Appendix Gindicates
that for the prime count distribution (4.3) should be reliable for6 ™ d when0 ¢ v.T

Approximation to first order in 4= for the deviation from normal. If ¢ ¢ L pjust the Q ¢ term
can be retained in (4.3, and only one differentiation of the exponential made. This terminates
the & seriesatda ¢, andgives:

18 "MWMoe p oDjp@ cwdjPYATDOHOjp @

U

Aob

0
® O e —— - v .
A PY p & Y oty

(4.4) may be approximated furtherby " Q 6 e p o®jp @ cwdjP @O jp @ This shows
the behaviour of"O relative to normal at relatively small deviations. The density is reduced by
proportion owj p gat zero deviation. The ratio to normal density rises and crosses iip at

o} o WMpe 1 @id at maximum ratio, reached a® Vo e p& o,¢is increased in

proportion o®j Ywhich is twice the reduction at zero; it crosses unity again at o Ve
¢® o,thence falling away steadily.

This is the type of belaviour observed for the prime countdistribution (see Figure 1), for which
"O U gives some approximation tod 0 for small 0.0 0 might be validly representedby
(43)whend Q Yji e o®ube & YB4.4) and (4.5) could be expected to break down
for some smaller 08 In fact, (4.5) approximates the exact values ofd ¥ , as calculated using
(2.3), to within 1.5% right up tov T Pand the approximation continues fair to around
U p Oe t® v8 Numerical integration of (4.5) gives Op ¢& v p 1, within 7% of the
accurate result
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"O U representsO 0 well for 1 0 pin the case of an interesidue race whenr is large
(making , large and @ small as explained in Section 3 and Appendix Alj is then valid to make

the further approximation 0 U e =P — — which gives the race result for 1
leading a a norsquare:

. p p 0w P
e Opgc,MF'p PO O
This is equivalent to the unnumbered equation for| gdto on page 40 of[FIM]; the authors
continue by obtaining approximate expressions fo, (which is ¥ of their ) and @. For i
T g¢results calculated using(4.6) are given in Table 3 Thesehave a maxmum error of about
0.0001, whilst in this non extreme case assuming the distribution is normal has a maximum
error of about 0.001. Results othe method in [FIM] are also given: tlese show the pattern of
the exact results but, astated, the expressions br,, and ® given there are suitable only for
rather larger ).

Calculation of |} o and o Dby drect convolution. (4.3) is a divergent asymptotic series.
However, the terms oscilate, giving an indication of accuracyFor0 ¢ v J© T® &,

T Qoe P2 g8 Yo v
& S cC GA O C

with YO0 and Y 0 as in (3.8) and (3.6, is found to give values of "Q accurate to 0.01%.
Derivatives of YO and™Y 0 up to the fourth can be derived explicitly as before, and the first 3

terms of (4.7) thus worked out: the remaining terms, which have smaller effect, can be obtained
sufficiently accurately by numerical differentiation.

Define average value¥2 0 at values ofb separated by a step lengtl3-0 as

p

T QL —
EEJ “ 30

ACGAI © 3Vjcjc i AQOA O 3vjcjc i
with suitable adjustments near0 ¢ 1 8Then an approximation™® 0 to"O U is

T8 oL 30 ~O0 v LEQULe x E QDR QU
$ s

and an approximation to0 U is

T 0 0 30 OO0 U0 LB
S

A small3 is needed, torepresent "Qnear 0 ¢ i . Inaccuracies there translate into growing

inaccuracy of 'O 0 as U nears t. However, a lower limit on 30 is enforced both by the
computation time (which behaves as30 ) and by the differencing error introduced in (4.8).
On a desktop computer in single precision, the limit appears to be about 0.0008uch a small
30EO TAAAAA TT1U ET xI OEET G 1T 00 OE AistriBuficdOadE AOOET 1
smooth, and can be combined by numerical convolution with a large30 30 T8t T TM@S
used); the same is true of4.10) and of a numerical integration to estimate’O 0 8(4.10) needs

to be summed only over the range which contributes ignificantly, effectively that where
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logarithmic derivatives of 'O and 'O are OEI EI1 AO ET [ Acl EOOAA AO EO
method.)

For the prime count distribution, calculations were done with severalab .! O &I O , APl AA,
method, 0 must be sufficient thatt is not much less thanb8The method is fairly easy to set up,

but is heavy on computing time: vith & Tthito obtain values ofd 0 andOO0 to U U in

steps of 0.0001required about 3 hours. WithO 250, 400, and 600agreement with0 ) Tt

within 0.01% was obtainedfor 0 o®ft& VA T ¥& wespectively 8A larger () further increases

computation time and may not deliver better results, sincas¢ increases the'Qbecome less and

less well approximated by (4.8).

Calculationswere also dane for some races. As with other methodshe need to bring together
more series was balanced by a reduced need for numbers of initial terms in eaclA particular
application is to multi-way races with real characters, as described in Appendix A.

5. DISCUSSION ANOCONCLUSIONS

Comparison of the three methodsAs shownin Table 5, for the prime countdistribution within

p U p& there is agreement to within 0.001% amongst the three ethods considered here:
Rubinstein-Sarnak, Laplace (including the third order correctiorY ) and direct convolution. For
smaller 0 the Laplace method loses accuracy through the impact oérms higher than third
order. For largerv the limitation of about p Tt in absolute accuracy in the Rubinsteilg Sarnak
calculation becomes noticeablgand is significantatb p& OUL e & wPp 1 . Results of

direct convolution gradually incrA AOA AAT OA OEIT OA 1T &£ , Abl AAA8O 1T AO
0.2%atd v8 " AAOET C E1T 1T ETA OEAO OEA AAAO@MAWey T £ , AE
cause of this difference is (4.8) and (4.9) overestimating0 | T AAAT 01 6 | B 60EA OA

nature of (1.6). Direct convolutionswith larger 30 are less accurate, which bears this out.

TABLES. FRIME COUNT DISTRIBUTIONA DIFFERENCES IN CALCULATEDD

v 08 09|10 |11 |12 |13 |14 | 20 | 3.0 | 40 | 5.0
Conwl/Laplace | 0.010( 0.003| 0.000{-0.001|-0.001| 0.000| 0.000| 0.003| 0.015| 0.053| 0.195
R-S/Laplace 0.010| 0.002| 0.000(-0.001|-0.001|-0.008|-0.544
Conwl/R-S 0.000| 0.000| 0.000( 0.001| 0.001| 0.008| 0.544
Laplace ¥ -0.312|-0.264|-0.219(-0.181|-0.151|-0.127|-0.107|-0.045|-0.015|-0.006{-0.003

Similar comparisons arise for other distributions, though atarger values ofv, reflecting larger
standard deviations

So the RubinsteinSarnak method isthe best way to obtain results which are much larger than
the absolute accuracyof computations , AD1 AAA S O s dcdu@te tedults ifoA éxibemné
deviations, but requires a separate, iterative calculation for each value 08f a full distribution
is needed with fair accuracy over a range of values up something fairly but not very extreme,
direct convolution could be used.

Comparison with observed distributions As already noted, alculated 0 0 show the type of
behaviour observed in Figure 1 for observedactual values of O in the range® p mOp 1 8
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However, the distribution of the actual values deviates above and below normal to greater
extent than calculation suggestsThe mmparison of moment ratiosin Table 6 confirms this.
Whilst the actualvalues have variance close to limiting value, higher moments are significantly
lower. The differenceis not dependent on the exact start and end points of the range, or the
exactl T CAOEOEI EA ET OAOOAI OOGAA8 31 EO EO 110 A AT’
pj wwhich are ignored in deriving (1.15, or of the omission of e&treme values ofOin sampling.
Nor is it on a clear reducing trend with increasing, as would be consistent with it arising from
terms neglected in (1.2).In fact, the tables providedat [K] to very fine resolution around
extreme values suggest tha© @y for a logarithmic range of about 0.0003 within the above
range of @ Assuming a symmetric distribution, this is consistent withOT® e 18 p 1T,
compared tot& ¢ p 1 from (2.3). The limiting distribution is established only over a wider
range of wthan that for which“ @ andOcan be calculated exactly.

TABLE6. MOMENT RATIOS

~

Q 2 4 6 8
0 jO zforactualOf p mOPp m 1.0077 | 0.9182 | 0.7638 | 0.5822
0 jO zforactualOw pm Ob m | 09749 | 0.9260 | 0.8385 | 0.7100
;
5

jOo zforactualOhw pm Op m |0.9977 | 0.9217 | 0.8208 | 0.7076
jO  -from (1.15) 1.0000 | 0.9652 | 0.9034 | 0.8229

Table 7examines available datdrom [BHB] and [D] on what may be the fist excursions ofO
above values of) up to 1.5, calculated by summing (1.2) to many terms. The excursion occupies
a logarithmic interval Y& 1 1 d3j @ , wherec and® are its beginning and end points. Values
of these are obtained g measurement from the graphs these authors provide. This process is
very approximate (as are the graphs in regard to detailed crossings, even when very many
terms are employed in the series used to make the calculations, which is derived by smoothing
(1.2)). Y4 & gives an indication of the logarithmic frequency of excess, subject to a large
sampling error. Its values agree with those 0O 0 as calculated above tavithin a reasonable
factorof about 38 . 1T OxEIl Al U EiI DOT AAATAAGD Ao AODEA A O A ABA OK
not appear. This suggests that if analysis were carried out over very long ranges similar to that
done foru = 1 in [BHB], similar agreement with the values oD 0 could be obtained.

TABLE7. POSSIBLE FIRST EXCURSIONS (APRRATE VALUES O¥Jj 4)

0 Location @ a 1 Tag Ya Yo & 00U

1.2 1.6x109608 2.2x104 0.00001 5x10-10 2.833x10-10
1.25 | 1.3x10651157 1.5x108 0.0004 3x10-11 3.839x10-11
1.3 6.6x1(030802655 7.1x107 0.0002 3x10-12 4587%10-12
15 5.5x1(1625185852 3.7x1010 0.00003 8x10-16 2.396x10-16

The nature of the distribution. The following general conclusions can be drawn from the above

i For small values of & 0j, where , is the standard deviation 0 U differs from
normal by being lower for small ¢, higher when 0is in the range 1 to 2, then lower
again.The keydeterminant of the difference is®. Inter-residue race distributions have
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small values of® , becoming smaller with increasing): the distribution tends to normal
with increasing 1}, though not uniformly in 0. This is because thelistributions involve
more and more separate seriedn (1.8). Square/non-square race distributions have
values of & which tend to increase with i}, leading eventually to a double humped
distribution, far from normal. This arises because of the appearancef smaller and
smaller initial zeros 6 (see [BHFR].)Values of O p can be calculated using small
numbers of zeros explicitly, the rest being includd in a collective remainder term of
form (2.7), or (4.1) with (4.3).

For large values ofhthe distribution behaves as (3.1 or (F.16). Its main driving factor
is the long term kehaviour of zeros as given by (B.b Behaviour is influenced byr and
byt ort ,which are effectively corrections to 0 determined largely by the initial
zeros. Thus these zerosaffect both the deviation from normal for smaller 6 and the
adjustments to the basic formula (3.11) for largerdhthough in different ways. As
discussed in [LA], for inter-residue races with large fj, and hence small & , the
OAOQT 00T OAO6 whA Afes & AdhaviQuEpdcurDatol , 1 TAGTheorem 4 of
[LA], noting that,,x 41 TAQor prime n).

Possibilities for further work. These include

a)

b)

Application of the RubinsteinSarnak method with modified remainder (Section 2) to
wider categories of prime number race, including races involving many series and multi
way races, for which the use of small numbers of initial terms shuld be particularly
advantageous in reducing computing time.

&OOOEAO AT i POOAOGETT O AT A AT Al UOEAAI xI OE
Appendices E and F) to wider categories of race, including ascerteng whether the

error in (3.16) can be further reduced.

More rigorous demorstration of some of the resultsPresently it is the close agreement
between separate computations and between computation and theorythat primarily
supports accuracy.

APPENDIXA. PRIME NUMBER RACES

Inter zresidue races, pime modulus. For prime ;o the & th Dirichlet character isthe periodic
sequence ovefQ ph;hof8 8

. “ "Qa
| & . Q Azé,—q
n p

where the integer | satisfieso Q@ T A, 6 being a primitive root. Then assuming the

Generalised Riemann Hypothesis, thimiting logarithmic density of difference in normalised
deviation (defined similarly to (1.1)) between numbers of primes equal to 1 and to
w pl 1 A isthatof¢ & p where

he&

A |u

LA
W ®w OE+—
n p
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Here for ¢ 1 ojch & is a random variable whose distribution is that of
¢B T OEdya , where ¢y is the imaginary part of the&th zero of the Dirichlet L-

function 0 i h.. B —— with positive such part, andi j A is defined

f
similarly in regard to the zeros ofd ih.. with negative imaginary part . Assuming LIH, the
distribution of @ is that of ‘O determined by (1.8) with the & taking (in pairs) the values of

O E4— which are greater than zero The interzresidue race result is thusO p for that series.

C p is the distribution of difference in normalised deviation between squares and
nonzsquares, andO p for series (1.5 is then the square/non-square race result. Whem pis
not divisible by 4, ad O A E ITEO ADeRiddsuch thatco pl | A. Then| A pjc and
for the race of 1 againstin N pjcg¢ andall®  p. Both these cases aréetermined by
real Dirichlet characters takingvalues p.

Defining

& Y w Y x EAOX j [

%

the race variance,, is¢Y eyaluated at0 1 An indication of the variatiorl from normal of the
racedistribution is given by w defined by (1.14) with (A.3), in particular byw , at0 18

B & p ¢cB ' OET— . Inthis sum, the terms form pairs summing to 1, with a
single %2 whenny pis divisible by 4, and thusB ~ ® A pjc,independent ofca For
N B O p ¢cB 1 OET— 4 pic, equality onlyin the self z inverse
case Accordingly, whenever the'Y ; and hence individual seriesto differ little with &, the

race distribution has reduced below the seies @ by a factor of at least— 8

Other races Where all Dirichlet characters are realj (fp d @ T, a series (1.8) again arises
(withall & p),OET OCE OEA OAEAO06 EI I 8¢ EO ¢ nioO
‘O ¢ or Ot 8Composite moduli also give series (1.8), though the determination of the is
more complicated.

Rubinstein z Sarnak method applied to (1.8) The race result can be calculated using (2)4with
‘071 determined by (2.7) with 'Y as (A.3), and

ra 01 0 GO 1 [

For larger N , the number of zeros  "Yis as given by (B.» and varies little with & . Thus for
larger N the 'Y j all behave & in (1.18). Hencea result similar to (2.9) applies and results
should be obtainable with smalld and 0, as discussed in Section 2 anghown in Table 3

, AB1 A A A &afplidd fo QLB) H&re (3.5) is replaced by
&y 0 1 Ta@ed T gi [ AYAT AN
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